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Vector beams are inhomogeneously polarized optical fields with nonseparable, quantum-like correla-
tions between their polarisation and spatial components, and hold tremendous promise for classical
and quantum communication across various channels, e.g. the atmosphere, underwater, and in
optical fibre. Here we show that by exploiting their quantum-like features by virtue of the non-
separability of the field, the decay of both the polarisation and spatial components can be studied
in tandem. In particular, we invoke the principle of channel state duality to show that the degree of
nonseparability of any vector mode is purely determined by that of a maximally nonseparable one,
which we confirm using orbital angular momentum (OAM) as an example for topological charges
of ` = 1 and ` = 10 in a turbulent atmosphere. A consequence is that the well-known cylindrical
vector vortex beams are sufficient to predict the behaviour of all vector OAM states through the
channel, and find that the rate of decay in vector quality decreases with increasing OAM value, even
though the spread in OAM is opposite, increasing with OAM. Our approach offers a fast and easy
probe of noisy channels, while at the same time revealing the power of quantum tools applied to
classical light.

I. INTRODUCTION

Structured light has become topical of late [1], with so
called cylindrical vector vortex (CVV) beams [2] tak-
ing centre stage in numerous fundamental and applied
studies [3, 4]. For example, they form a family of nat-
ural solutions of free-space and optical waveguides, and
have been used in optical trapping [5–7], metrology [8],
as well as high capacity classical [9–11] and quantum [12–
15] communication. To meet the demand of such grow-
ing applications, a plethora of generation methods have
emerged, including directly from lasers [16–18], or exter-
nally with liquid crystal q-plate technology [19], metasur-
faces [20, 21], and spatial light modulators [22]. Detec-
tion has likewise matured to include deterministic detec-
tors incorporating interferometers [23, 24], mode sorters
[25] or both [26], as well as fast digital Stokes measure-
ments [27–29] and direct measures of the nonseparability
or vector quality factor [30, 31], giving a quantitative
measure of how vector the vector beam is.

An open challenge in the context of classical and quan-
tum communication is the propagation of such modes
through media exhibiting spatially dependent perturba-
tions. These might include thermal effects due to over-
heating of optical elements [32], rapid refractive index
fluctuations in the atmosphere [33, 34] and underwa-
ter [35], and in optical fibre [36, 37]. In particular, at-
mospheric turbulence leaves the polarisation of optical
beams undisturbed while the spatial components degrade
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rapidly resulting in modal scattering and therefore infor-
mation loss [38–45]. Consequently, information encoding
with the spatial components of light is restricted to only
several km [46, 47]. In the case, of vector beams, having
coupled polarisation and spatial components, the polari-
sation fields are indirectly impacted [48], resulting in the
decay of nonseparability or vectorness [49].

Here we exploit parallels between nonseparability of
vector beams and entanglement in quantum systems [49–
56] to deploy a quantum toolkit for the study of vector
beams in atmospheric turbulence. Importantly, we recog-
nise that just as the degree of entanglement of any pure
quantum state can be determined by that of a maximally
entangled state [57], courtesy of the Choi-–Jamio lkowski
isomorphism (channel state duality) [58, 59], so it must
be true that the dynamics of any vector beam in a one-
sided noisy channel should be able to be inferred from the
dynamics of just one beam, a purely inhomogeneously
polarized field (a perfectly “vector” beam with orthog-
onal spatial modes), which from now on we will refer
to as ideal vector vortex (VV) beams. In the context of
OAM, any one of the CVV beams with oppoiste spin and
OAM states would suffice, as well as VV beams in the
linear polarisation basis. Using such beams as a probe,
we confirm the Choi-–Jamio lkowski isomorphism for clas-
sical vectorial light, and show that the vectorness decay
of all initial beams can be predicted from the decay of
an ideal VV beam. The approach is first outlined using
CVV beams and then generalised to other VV beams for
adaptability. We illustrate this for two OAM subspaces,
` = ±1 and ` = ±10, revealing from this measure a
simple factor for the rate at which one subspace decays
relative to the other. Our work not only offers a simple
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tool for probing classical communication channels, but
also reveals insights into the decay dynamics of vectorial
OAM light. While we have demonstrated the approach
with OAM in the atmosphere, it can easily be adapted
to other mode sets and media, and likewise to hybrid
entangled quantum states.

II. CONCEPTS

Here we elucidate the concept of channel state duality
with nonseparable vector beams for characterising classi-
cal beams through perturbing media. We first introduce
the key concepts of nonseparability in vector beams, vec-
tor beam decay through turbulence and then finally chan-
nel state duality. The core idea is that an ideal vector
beam is sufficient to predict the behaviour of any vector
beam, even partially vector, through a channel.

FIG. 1: Example polarisation field profiles of a (a) CVV
beam (b) VV beam. The CVV beam only has nonuniform lin-
ear polarisation states while the VV beam varies between lin-
ear and elliptical polarisation states. Both beams have a VQF
of 1. Experimental polarisation fields of vector modes trans-
mitted through turbulence with varying strengths from left
to right, initially encoded in OAM subspaces (c)-(e) |`| = 1
and (f)-(h) |`| = 10 in the second and third bottom pan-
els, respectively. The turbulence strengths are D/r0 = 0 (no
turbulence), D/r0 = 2.5 and D/r0 = 3.5 in each column,
respectively.

A. Nonseparable vector modes

To construct an ideal VV beam we require a vectorial
superposiiton of spatial mode and polarization where the
nonseparability is maximum. We illustrate the concept of
nonseparability using familiar CVV beams since they are
ubiquitous in a myriad of applications [60]. Thereafter,
we extend the concept to a family of VV beams by a
simple change of basis in the polarisation components.

CVV beams are natural solutions of the vectorial
Helmholtz equation in cylindrical coordinates. An ex-
ample of one such beam, is shown in Fig. 1 (a), having
a radially symmetric polarisation field. Such beams are
commonly represented as superpositions of scalar fields
coupled to orthogonal circular polarisation states, i.e.,

Ψ`(r) = a exp(i`φ)êR + b exp(−iα) exp(−i`φ)êL, (1)

where r = (r, φ, z = 0) are the cylindrical coordinates,
êR,L are the canonical right and left circular polarisation
states and coupled to spatial components having charac-
teristic azimuthal phase profiles, exp(±i`φ), associated
with light fields carrying an OAM of ±`~ per photon,
respectively. Here, the unbounded integer, ±`, is the
topological charge. The parameters, a, b and α are the
relative amplitudes and phases between the the modes
in the superposition. Next, we show that the coupling
between the polarisation and spatial components is rem-
iniscent of quantum entanglement between two particles.

It is common to represent the polarisation and spatial
components of vector modes as state vectors using the
Dirac notation from quantum mechanics, i.e., êR(L) →
|R(L)〉 and exp(±i`φ)→ |±`〉, enabling a more compact
representation of Eq. (1) following

|Ψ`〉 = a |`〉 |R〉+ b exp(−iα) |−`〉 |L〉 . (2)

Here the bra-ket notation is used to mark the spatial
and polarisation components making it convenient to ex-
press each Degree of Freedom (DoF) as a unique sub-
system analogous to two particle states in quantum me-
chanics. By clearly identifying each DoF, we wish to
quantify the amount of nonseparability between them.
This can be achieved by using the vector quality factor
(VQF) [30, 31], which is an analogous measure of entan-
glement based on the concurrence [61], but between the
internal DoF of the classical light fields. For the state
in Eq. (2), the VQF, equivalently concurrence, is there-
fore given by VQF = |ab| ranging from VQF = 0 for a
separable scalar beam (a = 0 or b = 0) to VQF = 1
for a nonseparable vector beam (a = b); and otherwise
partially vector for 0 < VQF < 1. This measure has
been used in a myriad of experiments as a witness for
nonseparability in classical beams [27, 62, 63].

Note that such beams are spanned on a four dimen-
sional state-space and therefore have the general form

|Φ`〉 = a |`〉 |R〉+ b |−`〉 |R〉
+ c |`〉 |L〉+ d |−`〉 |L〉

)
, (3)
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FIG. 2: (a) Illustration of the experimental set up. A Helium Neon (He-Ne) laser was expanded and collimated onto a spatial
light modulater (SLM). On the SLM, two modes with oppositely charged OAM and distinct gratings frequencies were encoded
on a single hologram as shown in (b). Upon propagation, the modes separated in path. Since they propagate closely, a D–shaped
mirror (DM) as used to redirect one of them. A half-wave (HW) plate was used to rotate the polarisation of redirected beam.
The modes were subsequently recombined at a beam-splitter (BS). The resulting mode was imaged to the digital micromirror
device (DMD) where (c) turbulence was encoded in combination with the detection holograms. Polarisation projections were
performed with a linear polariser. Finally, the resulting mode was propagated to the far field with a 500 mm Fourier lens (L)
where an on-axis intensity measurement was performed with a CCD camera. (d) Example of measurements needed to calculate
the nonseparability, VQF, of vector modes.

with a corresponding degree of nonseparability

VQF = |ad− cb|, (4)

assuming the coefficients satisfy, (|a|2+|b|2+|c|2+|d|2) =
1. One can simply recover the previous vector beam for
example by setting (a = b) while cb = 0. This will be-
come crucial when studying the decay of vector beams
since we will always project onto the entire subspace (±`)
of spatial modes we started with.

Next, we show that the coupling between the DoFs
of any spatial mode that is transmitted through a
complex medium, using turbulence as an example, can
be determined by that of a maximally nonseparable
vector mode by exploiting channel state duality.

B. Propagation of vector modes through
turbulence and channel state duality

Structured light is known to be perturbed in atmo-
spheric turbulence [64]. In particular, a vector mode
propagating through turbulence experiences phase de-
pendent fluctuations that have an impact on its trans-
verse spatial components. Assuming weak irradiance
fluctuations approximated by Kolmogorov theory [33],
the phase variations can be characterised by the phase
structure function, Dφ(r1, r2) = 6.88∆r/r0, where r0 is
the Fried parameter [65] describing the transverse scale
of the atmospheric distortions and ∆r = |r1 − r2| are

relative displacements in the transverse plane. For an
optical system with a diameter (aperture) D, we can as-
sociate the turbulence strength with the normalised aper-
ture size, D/r0, relating turbulence strength to the rela-
tive transverse distance within which the refractive index
is correlated. For example a large aperture size seeing a
smaller Fried parameter (D > r0) experiences more dis-
tortions than a smaller aperture seeing a larger Fried
parameter (D < r0). In this paper, D approximates the
size of the beam. We show examples of the the effect
of turbulence on the polarisation field of vector modes
in Fig. 1 (c)-(h). The polarisation field as well as the
spatial distribution gets deformed with increasing turbu-
lence strength (from left to right). We investigate how
the distortions affect the nonsepability.

Now, since the atmosphere is non-birefringent, only the
transverse spatial components of the mode expressed in
Eq. (2) are perturbed and as a consequence there is modal
scattering into adjacent OAM modes [48]. For example,
an OAM mode corresponding to the state |`〉 traversing a

medium with the channel matrix T̂ =
∑
m,n cn,m |m〉 〈n|,

transfers energy from the initial state into its neighbour-
ing eigenmodes following the mapping

|`〉 T̂−→
∑
m

c`,m |m〉 , (5)

where P (`,m) = |c`,m|2 is the conditional probability
for the mode |`〉 to exchange energy with the mode |m〉.
For Kolmogorov turbulence, the probabilities have been
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FIG. 3: Measured modal spectrum for the vertical and horizontal polarised components of vector modes in OAM subspaces
corresponding to ` = 1 (top panel) and ` = 10 (bottom panel), with (a,d) no turbulence D/r0 = 0 and increased turbulence
strengths of (b,e) D/r0 = 2.5 and (c,f) D/r0 = 3.5. The solid lines correspond to the theoretical spectrum.

determined analytically [66] and are symmetric about |`|
for weak turbulence.

With this in mind, we can now describe the state of
our CVV mode after it traverses the turbulent channel.
Let us assume that vector mode is initially in the state

|Ψ`〉 = 1/
√

2 (|`〉 |R〉+ |−`〉 |L〉) . (6)

Upon traversing the channel, the OAM modes scatter
according to Eq. (5). By projecting back onto the initial
OAM subspace, i.e., {|−`〉 , |`〉}, we obtain the state

|Ψ̃`〉 = N
(
c`,` |`〉 |R〉+ c`,−` |−`〉 |R〉

+ c−`,` |`〉 |L〉+ c−`,−` |−`〉 |L〉
)
. (7)

Here N is a normalisation factor satisfying, | 〈Ψ̃`|Ψ̃`〉 |2 =
1. The VQF becomes

VQFmax = 2|N |2|c`,−`c−`,` − c`,`c−`,−`|. (8)

By applying the notion of the Choi-–Jamio lkowski iso-
morphism (channel state duality), we hypothesis that any
other vector mode with initial vectorness of VQFin will
decay according to the factorisation law,

VQFout = VQFmax ×VQFin (9)

where VQFout is the nonseparability of the state after the
channel. In other words, the decay of the any arbitrary
vector beam can be inferred by simply propagating an
ideal vector beam through the channel to find the scale
factor, VQFmax. Rather than propagating many beams
through the channel, only one beam has to be passed
through to understand its impact. Remarkably, the chan-
nel’s properties are determined by its interaction with a
maximally nonseparable vector mode. This means that
by knowing how a maximally nonseparable vector mode
propagates through turbulence, it is possible to predict
how the nonseparability of any other arbitrary superpo-
sition state evolves. Equation (9) also predicts that the
trend is linear and an intercept at zero, with the decay
of the CVV beam returning the slope (VQFmax).

This intriguing property, can be understood from the
perspective of quantum mechanics. Firstly, the channel
weights, | 〈±`, |T̂ |`〉 |2, are imprinted on the input non-
separable state mapping the channel onto a pure state,
as a consequence of the Choi–Jamio lkowski isomorphism
[58, 59]. Equivalently, a vector mode traversing a noisy
channel has similar properties owing to the nonsepara-
bility of the spatial and polarisation components. This
means that the final VQF of any partial nonseparable
mode can be determined by that of a maximally nonsep-
arable vector mode.

Finally, although we have used the CVV beam as a
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well-known example, in general the polarisation and spa-
tial components can be in any basis. For convenience
going forward and in the experiment, we will convert to
the horizontal (|H〉) and vertical (|V 〉) polarisation ba-
sis while the spatial profiles are defined in the Laguerre-
Gaussian (LG) basis. As a result, we no longer have a
CVV beam since there is no cylindrical symmetry in the
polarisation field. An example of our VV beam is shown
in Fig. 1 (b), where the polarisation states across the
tranverse plane are mixtures of linear of elliptical states.
Such a beam is represented by the state,

|Ψ`〉 = a |`〉 |H〉+ b |−`〉 |V 〉 , (10)

with the same VQF = 1 as that of Eq. (2). This serves
to make it clear than any ideal VV is sufficient for the
test.

III. METHODS

A. Experimental set-up

We describe the generation and detection scheme il-
lustrated in Fig. 2 (a). We used a Helium-Neon (He-Ne)
laser with a central wavelength of 633 nm and collimated
Gaussian field profile. We modulated the laser beam us-
ing a Phase only Holo-Eye Pluto spatial light modulate
(SLM). To obtain the states |Ψ〉`=1,10, we encoded the

multiplexed holograms [60] with Laguerre Gaussian (LG)
modes of charges ` = −1(−10) and ` = 1(10) and subse-
quently separated them in path using a D shaped mirror.
The amplitudes and phases of each mode were encoded
using the Arrizon technique for complete amplitude and
phase control [67]. An example of one of the holograms
is shown in Fig. 2 (b).

Before interfering the two beams at the BS, we rotated
the polarisation of the reflected beam from the D–shape
mirror by 45◦ using a half wave-plate. This converted the
polarisation from H to V. The two beams now had or-
thogonal polarisations. After combining the two beams,
the resulting vector mode was transmitted to the digital
micro-mirror device (DMD). On the DMD, we encoded
Kolmogorov turbulence phase screens following [68] in
combination with the detection holograms necessary for
the VQF measurements. An example of one of the de-
tection holograms is shown in Fig. 2 (c) as a combina-
tion of the detection mode and turbulence phase screen,
resulting in a noisy detection hologram that has both
the perturbation from turbulence and projection mode.
The VQF projection holograms, with no turbulence, had
phase profiles shown in the first row of Fig. 2 (d), shown
for the ` = ±1 subspace.

Lastly we used a polariser to project onto the H and
V polarisation modes after the DMD. The resulting field
was then propagated to the far field using a Fourier lens
(L) and an on axis measurement of the intensity was
recorded, providing the modal overlap of the input state,

the simulated turbulence and the detection mode [69].
For each measurement we prepared up to 30 instances of
each turbulence strength ranging from D/ro=0 to 3.5 in
steps of D/ro = 0.5. An example of measurements for
intensities Iuv is shown in Fig. 2 (d) for a perfect vector
mode. The columns correspond to the spatial projections
while the rows correspond to the polarisation measure-
ments. Next we show how the VQF (nonseparability) is
measured.

B. Vector quality factor measurement

We follow the procedure outlined in ref. [30] to measure
the nonseparability of vector modes. The VQF is given
by

VQF =

√√√√1−
3∑
i

〈σi〉2, (11)

where the expectation values of the Pauli matrices 〈σi〉
can be obtained from

〈σ1〉 = I13 + I23 − (I15 + I25), (12)

〈σ2〉 = I14 + I24 − (I16 + I26), (13)

〈σ3〉 = I11 + I21 − (I12 + I22). (14)

The detection probabilities Iuv, u = {1, 2} , v =
{1, 2, ..., 6} are determined from six identical projections
of different polarisation basis states, namely horizon-
tal and vertical polarisations. The projections are per-
formed by inserting a polariser, set to 0◦ and 90◦ for the
horizontal and vertical polarisation projections, respec-
tively. The six spatial measurements consist of projec-
tions onto OAM states |±`〉 and their four superpositions

|θ〉 = |−`〉 + ei
θ
|`| |`〉 with θ = 0, π2 , π and 3π

2 . The spa-
tial projections were encoded as binary holograms onto
the digital micro-mirror device using the method in [70]
tailored for amplitude only devices. Finally, the on-axis
intensity, due to each projection is measured in the focal
plane of a Fourier lens by a CCD camera, in the first
diffraction order.

IV. RESULTS

A. Propagation of vector modes through
turbulence

We first generated vector modes (|Ψ`〉) and measured
their polarisations using Stokes polirometry. The polari-
sations profiles are shown in Fig. 1 (c)-(e) and (f)-(h) for
|Ψ1〉 and |Ψ10〉, respectively. In each panel, the profiles
are shown for increasing turbulence strengths D = 0, 2.5
and D = 3.5, from left to right. The intensity profile is
shown to deteriorate in each instance confirming the pres-
ence of distortions in the transverse plane of the fields.
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FIG. 4: (a) Experimental results (points) and theoretical prediction (lines) for the degree of nonsepability of vector modes in
the subspaces, ` = 1 and 10, with increasing turbulence strength. Experimental output VQF with respect to the known input
VQF under the effect of turbulence strengths of (b) D/r0 = 2.5 and (c) D/r0 = 3.5. In the absence of perturbations, the
output VQF maps onto the diagonal (“No perturbation”) line. The circles are for vector modes in the subspace of ` = 1 and
squares are for ` = 10, while the lines are the theoretical prediction based on the isomorphism. The horizontal error-bars are
smaller than the points. Each data point was obtained from 30 realisations of the same turbulence strength.

Next, we measured the modal spectrum of each polari-
sation component averaged over 30 instances of the same
turbulence strength. The results are shown in Fig 3 (a)-
(c) for |Ψ`=1〉 and in Fig 3 (d)-(f) for |Ψ`=10〉. For each `
dependent mode, the turbulence strength was D/r0 = 0
(a , d)D/r0=2.5 (b , e) andD/r0=3.5 (c, f). In each plot,
the distribution on the right corresponds the horizontally
polarised mode (blue) while the distribution on the left
(red) corresponds to the vertically polarised mode. As
expected, the mode distribution is symmetric about |`|,
consistent with the theoretical distribution shown as lines
[71]. We measured the width of each distribution as 2
times the standard deviation using the formula

∆` = 2

√∑
m |m− `|P (`,m)∑

m P (`,m)
, (15)

where ` is the mean OAM in the field. For D/r0 = 2.5 we
measured a width of ∆` = 3.18 and ∆` = 6.64 for |Ψ`=1〉
and |Ψ10〉, respectively, averaged over both polarisation
components of the beams. With an increased turbulence
strength, D/r0 = 3.5, we measured a width of ∆` = 4.44
and ∆` = 8.79. In both cases the OAM width of ` = 10
vector modes is higher than that of ` = 1 vector modes
(2 times), showing that higher order OAM modes spread
farther than lower order OAM modes, consistent with
theory [48].

While this reveals information about how the spatial
components are perturbed, we now investigate how the
polarisation in tandem with the spatial components are
affected, testing our isomorphism hypothesis.

To illustrate the effect of the mode scattering on the
nonseparability, we show the theoretical (lines) and ex-
perimental (points) of VQF values measured for |`| =
1, 10 subspaces as a function of turbulence strength in
Fig. 4 (a). The VQF of the ` = 10 modes decay at lower

rate than the VQF of the ` = 1 modes, analogous to the
decay of entangled photons through a single sided chan-
nel of turbulence [39]. This can be explained by the larger
mode separation between higher OAM suspaces enabling
for less crosstalk between highly separated [44]. While

TABLE I: Analysis of the different OAM subspace through
turbulence. The values in brackets correspond to the theoret-
ical values. Here the gradients, m`, correspond to VQFmax.

D/r0 ∆` (` = 1) ∆` (` = 10) m1 R2
1 m10 R2

10

0 0.05 (0) 0.84 (0) - - - -
2.5 3.18 (4.1) 6.64 (9) 0.40 0.97 0.94 0.99
3.5 4.44 (5.59) 8.79 (11.94) 0.21 0.97 0.92 0.98

the above analysis was performed on input modes with
a high nonseparability (V QF ≈ 1), next we evaluated
how vector modes with a varying degree of nonseparabil-
ity also decay under the same turbulence strength. We
demonstrate this to confirm the channel state duality in-
herent in vector modes propagated through a perturba-
tion channel acting on the spatial DoF. The results are
shown in Fig. 4 (b) and (c) under turbulence conditions
of D/ro = 2.5 and 3.5, respectively. This was done for
subspaces ` = ±1 (circles) and ` = ±10 (squares).

The error-bars for the x-axis are smaller than the
points. To control the VQF of the input mode, we ad-
justed the grating depth of the hologram corresponding
to the ` = −1(−10) mode. The plots show that the out-
put VQF, i.e., VQFout, has a linear relation to the input
VQF where the line fitted through each data set has a
gradient, m` or equivalently VQFmax, that is equivalent
to the VQF of a maximally nonseparable vector mode
transmitted through the same turbulence. We show the
gradient of each line in Table I as well as the good-
ness of fit, which are above R2 = 0.96. A perfect fit



7

would result in R2 = 1. As shown, the gradients of the
` = 10 modes is higher than that of ` = 1, owing to
the higher crosstalk in the ` = 1 subspace as demon-
strated earlier. For D/ro = 3.5, we find that the ` = 10
subspace, the gradient can be 4 times larger in compar-
ison to the ` = 1 subspace. Since the gradient indicates
the maximum VQF that a vector mode with an input
nonseparability of VQFin ≈ 1 can obtain, after prop-
agating through the channel, all partially nonseparable
vector modes within the same subspace are bounded on
the interval VQFout ∈ [0,m`] consistent with the factori-
sation law [57] for single sided channels indicating that
vector modes posses the ability to probe channel state
duality of noisy channels. Indeed, our results show that
the decay in nonseparability of any vector mode, in the
same subspace decays through the medium according to
the relation VQFout = VQFin ×m` = VQFin × VQFmax

where VQFmax = VQF(T̂ |Ψ〉`) is the VQF of a vector

mode, |Ψ〉`, after traversing the channel, T̂ , and having
an initial VQF of 1 while VQFin is the VQF of the mode
we wish to characterise after the channel. The isomor-
phism holds for vectorial classical light and can be used
to probe classical channels.

V. DISCUSSION

Vector beams possess nonseparable coupling between
their polarisation and spatial components and exhibit-
ing correlations similar to entangled pairs of photons. In
this paper, we used this fact to study the decay of vec-
tor beams in atmospheric turbulence both qualitatively
and quantitatively by invoking properties such as channel
state duality [58, 59] and the factorisation law [57]. These
features are unique to quantum entangled states, and are
commonly used for channel (medium) characterisation
[72]. Our results confirm that the nonseparability of any
other partially (VQF < 1) nonseparable vector mode is
purely determined by that of a maximally (VQF ≈ 1)
nonseparable vector mode experiencing the same turbu-
lence within the same subspace of optical modes. Inter-
estingly, this does not only limit the method to charac-
terisation purposes but creates the possibility of using
vector modes as a means to overcoming turbulence, for
example by selecting higher order modes (e.g ` = 10 as
apposed to ` = 1), or for unscrambling complex aberra-
tions shown to be feasible for high dimensional quantum
states [73]. The extension of the latter to classical beams
could be used as an additional tool for adaptive optics
since vector modes can carry information related to the
channel/medium. While we demonstrated this method
for turbulence, it can in principle be extended to vari-
ous scenarios where optical aberrations are encountered,
for example, arising from overheating optical elements in
high power regimes or imperfections in optical elements.

VI. CONCLUSION

In summary, we exploited the concept of channel state
duality analogously to characterise the evolution of var-
ious vector/scalar modes through turbulence, demon-
strating that the evolution of vector beams can be used
to study how various spatial modes decay through tur-
bulence. We showed this for two subspaces, ` = 1 and
` = 10, with our results demonstrating that higher order
OAM vector modes decay rapidly while also maintaining
a high nonseparability. Our work is integral to the devel-
opment of alternative methods for characterising optical
beams by borrowing principles from quantum mechan-
ics, with possible applications in various scenarios where
complex perturbations are encountered.

Appendix

A. Scattering probability of OAM in turbulence

The detection probability of an OAM beam propagated
through turbulence can computed from

P (l,m) =

∫∫
Cψ(r,∆θ, z)rdr × exp(−im∆θ)

2π
d∆θ,

(16)
where ` is the input OAM index of the beam, and m is the
index for the scattered mode, while Cψ (r,∆θ, z) is the
rotational coherence function defined in the cylindrical
coordinates, (r, θ, z) defined as [74]

Cψ(r,∆θ, z) = 〈ψ∗(r, 0, z)ψ(r,∆θ, z)〉 . (17)

Here ψ(r, θ, z) = u(r, θ, z) exp(iφ(r, θ)) is the beam pro-
file after propagating a distance z with an initial profile
of u(r, θ, 0) at the waist plane and exp(iφ(r, θ)) is the ac-
cumulated phase according to the Rytov approximation.

For LG beams, the integral in Eq. (16) has been solved
analytically, yielding the in the expression [71]

P (l,m) = (
1

t
)|`|+1

(
t− 1

t+ 1

)n |`|∑
k=0

(
|`|+ n

k

)

×
(

2|`| − k
`

)(
4t

(t− 1)2

)k−|`|
(18)

where n = |` − m|, t =
√

1 + ζ while ζ = 3.44 ×
22/3(w0/r0)2 where w0 is the is the waist size of the
Gaussian argument in the LG mode and r0 is the Fried
parameter. We re-scaled the Gaussian argument, i.e.
w` = w0/

√
|`|+ 1, so that each OAM mode has the

same diameter, D :=
√

8w` [33] and turbulence strength,
D/r0.
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[51] F. Töppel, A. Aiello, C. Marquardt, E. Giacobino, and
G. Leuchs, New Journal of Physics 16, 073019 (2014).

[52] A. Forbes, A. Aiello, and B. Ndagano, in Progress in
Optics (Elsevier, 2019), vol. 64, pp. 99–153.



9

[53] R. J. C. Spreeuw, Foundations of Physics 28, 361 (1998).
[54] J. H. Eberly, X.-F. Qian, A. A. Qasimi, H. Ali, M. A.

Alonso, R. Gutiérrez-Cuevas, B. J. Little, J. C. Howell,
T. Malhotra, and A. N. Vamivakas, Physica Scripta 91,
063003 (2016).

[55] T. Konrad and A. Forbes, Contemporary Physics pp. 1–
22 (2019).

[56] E. Toninelli, B. Ndagano, A. Vallés, B. Sephton, I. Nape,
A. Ambrosio, F. Capasso, M. J. Padgett, and A. Forbes,
Advances in Optics and Photonics 11, 67 (2019).

[57] T. Konrad, F. De Melo, M. Tiersch, C. Kasztelan,
A. Aragão, and A. Buchleitner, Nature physics 4, 99
(2008).

[58] A. Jamio lkowski, Reports on Mathematical Physics 3,
275 (1972).

[59] M.-D. Choi, Linear algebra and its applications 10, 285
(1975).

[60] C. Rosales-Guzmán, N. Bhebhe, and A. Forbes, Optics
express 25, 25697 (2017).

[61] W. K. Wootters, Quantum Inf. Comput. 1, 27 (2001).
[62] H. Sroor, N. Lisa, D. Naidoo, I. Litvin, and A. Forbes,

Physical Review Applied 9, 044010 (2018).
[63] E. Otte, I. Nape, C. Rosales-Guzmán, A. Vallés, C. Denz,

and A. Forbes, Physical Review A 98, 053818 (2018).
[64] M. A. Cox, N. Mphuthi, I. Nape, N. P. Mashaba,

L. Cheng, and A. Forbes, arXiv preprint
arXiv:2005.14586 (2020).

[65] D. L. Fried, JoSA 55, 1427 (1965).
[66] L. Zhang, F. Shen, B. Lan, and A. Tang, Journal of Op-

tics 22, 075607 (2020).
[67] V. Arrizón, U. Ruiz, R. Carrada, and L. A. González,
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