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Abstract. Accurate and early estimation of Susceptible-Infected-Recovered (SIR)
epidemiology model parameters in infectious epidemics can enhance planning and
resource allocation, thereby mitigating the adverse impacts on affected populations.
Focusing on the basic SIR epidemiology model, in this paper we examine the sce-
nario of known incidence rate (e.g., cases per day). Even though the SIR model
is nonlinear, we obtain an exact least squares solution that is /inear in simple al-
gebraic functions of the SIR model’s parameters, the infection rate, recovery rate
and total population. Linear least squares solutions lend themselves to be applied
to only a selected time period, to the censoring of unreliable measurements such as
obvious outliers as well as to enable iterative update of the parameter estimates as
new data (i.e., measurements) become available. We present numerical results for
both simulated and real-world COVID-19 data to demonstrate the practical utility
and accuracy of the proposed method. The proposed method demonstrates advan-
tages over state-of-the-art approaches while also providing reliable parameter esti-
mates.
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1. Introduction

Severe diseases, such as COVID-19, chicken pox and Ebola, often require medical, so-
cial and public interventions to reduce the risk of mortality among infected individuals.
A key challenge is that the healthcare sector operates with a limited allocation of re-
sources. During outbreaks of severe infectious diseases, the demand for these resources
increases significantly due to the surge in patient numbers. This elevated demand places
considerable strain on the healthcare system.

The failure to manage available resources and to develop effective mitigation strate-
gies can exacerbate the situation. Therefore, mathematical models are needed to un-
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derstand infectious disease progression, in order to provide government and healthcare
authorities with insights to implement policy, and also allocate resources when there
are surges in infectious rate [1]. Improved preparedness can be achieved through epi-
demic studies that involve the accurate estimation of parameters in models such as the
Susceptible-Infectious-Recovered (SIR) framework. For instance, [2] uses global epi-
demic and mobility models to study the impact of travel restrictions on the spread of the
COVID-19 epidemic. The aforementioned research framework illustrates how scientific
inquiry can inform and influence policy formulation.

The study in [3] presents three estimators to determine the number of susceptible
individuals. These estimators are derived using the Peano-Baker series and the Cauchy
repeated integral formula. The study in [4], introduces a least-squares estimator to deter-
mine the parameters of a discrete-time age-structured SIR model where the SIR model
parameters are estimated separately for each age group. A transfer parameter is used to
represent cross-compartment contact.

Similarly, [5] presents an SIR model with a varying total population, in which the
number of susceptible individuals does not decline monotonically. This design accom-
modates the emergence of new epicenters at different points in time. The number of
deaths is estimated using a trial-and-error nonlinear curve-fitting method, after which
the number of recoveries is determined. Other SIR estimator contributions include asyn-
chronous state estimators for nonlinear SIR models, [6], and direct estimation methods
based solely on infected population dynamics [7]. The direct estimation approach uses a
logarithmic method that relies on estimating the slopes of the increasing and decreasing
infected cases, as well as the peak, in order to determine the parameters of the SIR model.
This estimator serves as a benchmark for evaluating the performance of the estimator
presented in this paper.

The present study applies least-squares parameter estimation within the SIR mod-
elling framework. This approach is employed in a novel manner, as the estimators utilize
linear methods on a nonlinear system. The proposed scheme uses the incidence rate as its
input, thereby operating on new infections reported by epidemiologists via public plat-
forms and which communicates the severity of an infectious disease to the public. What
distinguishes the proposed method from those of the abovementioned authors is that the
structure of the nonlinear SIR equations is exploited via Laplace transform analysis to
yield a linear least-squares solution, which provides the exact solution for the theoreti-
cally noiseless case. The proposed method is applied to both real-world COVID-19 data
from South Korea and artificial data to estimate disease parameters.

The remainder of this paper is organized as follows: Section 2 presents the SIR model.
The proposed least-squares estimator is introduced in Section 3, and the results are pre-
sented and discussed in Section 4. Finally, conclusions are drawn in Section 5.

2. SIR Model
A simple, deterministic SIR-model comprising three compartments, namely susceptible

(8), infected (7), and recovered (R) individuals, is used. The mathematical representation
of the model is given by
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where the five parameters are infection rate (), recovery rate (y), total population size
(N), initial number of susceptible individuals (Sp := S(0)), and initial number of infected
individuals (1o := 1(0)).

3. Novel Linear Least-Squares Estimator

In this section we present a least-squares parameter estimator for the case when the in-
cidence rate of the disease is reported. Specifically, we assume that the incidence rate
(i.e., the number of newly infected individuals per unit time), say Q'(¢), is available. The
structure of the estimator selected is obtained from the SIR state space equations with an
interchange of certain causes and effects.

From (1) and (2), we obtain
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Taking the Laplace transform of the latter and manipulating the result yields
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and 2/(s) is the Laplace transform of Q'(z). Taking the inverse Laplace transform, gives
I(t) =1(0)e " +Q'(t)xe™ 7, (7N

where * represents convolution. Since, from (1) we have
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it follows that (7) can be written in the form
_ Q'(t) _ b L A e Tt
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Taking the Laplace transform of this expression, we obtain
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which we can express as
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where %/ (s) the Laplace transform of Y (z). Now, taking the inverse Laplace transform
we finally obtain,

Y (1)+Y(0)8(1) = —% (1(0)8(r)+ Q' (1)) —y¥ (1), t>0. (12)
For time strictly greater than zero, the Dirac delta functions no longer influence the re-

sponse and so the last expression reduces to

Yo =-Row-wo, >0 (13)
Notice that this expression is linear in /N and in y. Evaluating the latter expression at
strictly increasing time instants {;}¥_, with #; > 0, we obtain the following simultaneous
equations collected in matrix form,
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and often simply write z, Y and b to obtain z = Yb. This expression is not a dynamical
system since interchanging the individual equations, does not change the solution of the
equation.

The least-squares solution to this matrix equation is obtained by application of the
Moore-Penrose pseudoinverse,

bs=Y'z (15)

We obtain the SIR model parameters, 66|§’1‘ and ?\5’; over the duration [t1,7]. If there is
little chance of confusion, we will simply write & and 7.

Clearly, this approach allows us to select the analysis interval to ensure that no struc-
tural change occurs during the interval, for example, due to new healthcare restrictions
taking effect to curb the spreading of an infectious disease, as these would change the
human-disease interaction, thus leading to inaccurate model parameter estimates.

The scheme presented here allows one to also censor the data by removing rows
associated with obvious outliers, e.g., the /th row,
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from the above matrix equation (14).
With the introduction of Y (¢) above, it now becomes apparent that yet another esti-
mator for & can be obtained by simply averaging both Y (¢) and I(¢), namely,

(Y),:;/(;Y(r)d‘c:—d% Oil(r)dr:—dm,, (17)
giving
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Assuming an estimate of the population size N available, we obtain,
B =aN, (19)

where we can use either & or & in the place of o.

4. Results and Discussion

Next, a numerical experiment for characterizing the performance of the novel estimator
is performed. This experiment uses the population-normalized incidence rate of daily
new COVID-19 cases reported in South Korea between 17 January 2022 and 26 June
2022 [8]. Over this period, the Omicron variant (B.1.1.529) caused record-breaking case
numbers in South Korea, including over 600,000 new cases in a single day [9]. The
incidence rate for this 160 day period is plotted in Figure 1 (left, blue curve).

Applying the methodology of [10], the SIR model is fitted to the data by numerically
searching over the space of candidate parameter values (f,7,So) with the goal of mini-
mizing the ¢, error between the (cumulative) incidence of the data and of the model. This
yields the SIR model parameters listed in Table 1. The population-normalized incidence
rate (Q'/N) implied by the SIR model fitted to the data is plotted in Figure 1 (left, red
curve). The figure shows an accurate fit of the SIR model to the COVID-19 data over
both the pre-peak and post-peak time intervals, but with a lower peak value compared to
the data. Figure 1 (right) shows an accurate fit between the cumulative incidence implied
by the SIR model and that of the data.

The novel parameter estimator derived in section 3 is implemented for discrete-time
incidence rate. To mitigate degradation of estimator accuracy resulting from the delay
inherent in discrete-time numerical integration, as required to compute Y in (9), the daily
incidence rate is oversampled by a factor M. Linear interpolation then yields intra-daily
incidence rate values Q[n] := Q'(t)|,—,/y> where n. =0, 1,... (here, ¢ denotes the time,
in days, since outbreak). Evaluation of (9) then yields Y[n], and Y’[n] is subsequently
derived from Y [n] using the forward difference approximation to the derivative.

The novel parameter estimator is evaluated by substituting the daily values Y [nM],
Y'[nM] and Q'[nM] for n = 0,1,... into (14). This yields daily parameter estimates



Table 1. SIR model parameter values obtained from the fit to the South Korea COVID-19 data.

Parameter Symbol | Value
Infection rate B 0.4850
Recovery rate b4 0.3979
Initial fraction of susceptible individuals | So/N 0.9998
Initial fraction of infected individuals Iy/N 0.0002
Initial fraction of recovered individuals Ro/N 0
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Figure 1. SIR model fitted to COVID-19 data reported from South Korea between 17 January 2022 and 26
June 2022: Normalized incidence rate (left) and cumulative incidence (right),

ﬁ[n] = ﬁ|g and 9[n] := §}. This estimator is evaluated on the real-world incidence rate
figures for South Korea with oversampling factor M = 16. Figure 2 plots the resulting
infection rate and recovery rate parameter estimates, in grey, progressively as a function
of time. The figure shows fluctuation in parameter estimates up to the time of peak infec-
tion, whereafter the estimator converges to its final value. These abrupt fluctuations are
caused by the data matrix being ill-conditioned up to when the peak infection occurs. On
day 160, the estimates ﬁ and § show only 8.78% and 9.19% error from the true parameter
values. The final parameter estimates have been found to be accurate and robust.

The state-of-the-art method, as presented in [7], is applied iteratively to the real-
world data to yield daily estimates of the infection rate and recovery rate parameters.
These estimates are plotted progressively as a function of time in Figure 2 (orange
curves). The figure shows that these estimates do not converge to a final value at day 160.
Experimentation shows that this is a result of sensitivity to the estimates of the pre-peak
and post-peak slopes of the infection rate curve on the logarithmic scale, as required
by the method. Only at a very late stage of the epidemic wave (here, at day 160), the
method of [7] yields a relative error of 7.26% and 9.74%, which is comparable to our
novel estimator in terms of accuracy, but not in terms of convergence rate.

To further characterize estimator performance, the SIR model is solved numerically
for the incidence rate using the parameter values listed in Table 1. The incidence rate is
contaminated with additive Gaussian noise to generate an ensemble of artificial incidence
rate curves. In order to simulate curves that resemble real-world data more closely, the
Gaussian noise process is filtered using an all-pole low-pass infinite impulse response
(IIR) filter with a single pole p = 0.75. The time-dependent variance of the noise is
selected to be 6%[n] = kQ'[n] to model the phenomenon that real-world data tend to
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Figure 2. Convergence of the estimates ﬁ (left) and ¥ (right) as a function of time, for noise gain factor
K = 0.005.
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Figure 3. Variance of the estimates [§ and ¥ as a function of time, for distinct noise gain factors k.

exhibit larger noise as the infection rate and infection numbers grow. Here, we refer to
the scaling parameter x > 0 as the noise gain factor.

The estimator is evaluated on the artificial data for noise gain factor k¥ = 0.05 and
for distinct oversampling rates M. The mean value of each estimate, computed over the
ensemble, is plotted progressively as a function of time in Figure 2. The figure shows that
the mean value of both estimates converges rapidly for the artificial data. Oversampling
both reduces the residual bias and improves the convergence rate.

The variance of the estimates, as evaluated over the artificial data with oversampling
factor M = 16 and for distinct noise gain factor values «, are plotted progressively as
a function of time in Figure 3. Also evident is the exponential decay in variance for all
noise factors considered as the estimates converge.



5. Conclusion

This paper presented a novel linear least-squares estimator for the infection and recovery
rate parameters of the SIR epidemiology model, derived from reported incidence rate
data. Numerical evaluation using COVID-19 case data from South Korea, for the Omi-
cron variant during the first half of 2022, demonstrated robust estimator performance,
achieving less than 10% error in parameter estimation. Although the accuracy of the
novel estimator is comparable to that of a state-of-the-art method that requires infection
rate measurements, which are unavailable in practice, the proposed approach offers sev-
eral distinct advantages. In contrast to the state-of-the-art method, numerical experiments
show that our novel estimator converges to a final value after the time of peak incidence
and yields reliable parameter estimates. Furthermore, the novel estimator is directly ap-
plicable to reported incidence figures, has the flexibility to generate daily estimates as
the outbreak evolves, and permits censoring. Collectively, these features position the pro-
posed scheme as a practical and effective tool for real-time epidemic monitoring.

For future work we plan to address the data conditioning matter using well-
established methods used in adaptive filter theory. Additionally, we will work with ex-
perts in healthcare towards enhanced predictive modelling to inform public health plan-
ning and support timely resource allocation during future infectious disease outbreaks.
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