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ABSTRACT   

In this work we will present two techniques for the measurement of superimposed higher-order Bessel beams. In the first 
technique we will outline a simple approach using only a spatial light modulator and a Fourier transforming lens to 
decompose the OAM spectrum of an optical field. We test this approach on symmetric and non-symmetric 
superpositions of non-diffracting higher-order Bessel beams. Our second procedure consists of two refractive optical 
elements which perform a Cartesian to log-polar coordinate transformation, translating helically phased beams into a 
transverse phase gradient. By introducing two cylindrical lenses we can focus each of the azimuthal modes associated 
with each Bessel beam to a different lateral position in the Fourier plane, while separating the radial wave-vectors in the 
image-plane.  
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1. INTRODUCTION  
 
Numerous publications have been dedicated to optical fields which carry orbital angular momentum (OAM), ranging 
from Laguerre-Gaussian [1], Bessel-Gauss [2] and Airy beams [3]. Each of these fields has an azimuthal angular 
dependence of exp(ilθ) [1, 4-6] where l is the azimuthal index and θ is the azimuthal angle. The fact that these fields 
offer an unbounded state space has made them advantageous for increasing the amount of information that can be 
encoded onto a single-photon [7-11].  
 
In this work we are interested in higher-order Bessel beams as an OAM-carrier as these fields offer other useful 
properties such as their ability to propagate diffraction-free over a finite distance [12-21] and reconstruct after 
encountering an obstacle [22]. Exploiting these properties of Bessel beams will make them very useful in the field of 
long-range, broad bandwidth communication systems. However, in order for these fields to be a success in the area of 
optical communication, efficient techniques for extracting the information they carry (i.e. their azimuthal mode indices) 
need to exist.  
 
The ‘fork’ diffraction grating can be used to couple light of a particular OAM state into a single-mode fibre [6], but this 
requires that one must test for all possible states simultaneously. Attempts to develop more complicated holograms 
which test multiple states have been made [9, 23], however their efficiency is inversely proportional to the number of 
states being sampled. An alternative setup that does not alter the OAM state during the measurement procedure is a 
Mach-Zehnder interferometer with two Dove prisms in each arm [24, 25], which sorts odd and even OAM states into 
two separate ports. Recently it has been demonstrated that two spatial light modulators (or refractive optical elements) in 
conjunction with a lens can be used to convert the OAM state of light to a specified lateral position [26, 27].  
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In this manuscript we make use of two techniques to measure the OAM spectrum of higher-order Bessel beams.  The 
first technique involves a spatial light modulator and a Fourier transforming lens to decompose the OAM spectrum of an 
optical field [28-30]. We implement this technique on symmetric and non-symmetric superpositions of non-diffracting 
higher-order Bessel beams.  The second technique makes use of the above mentioned refractive optical elements to 
extract the information encoded in higher-order Bessel beams [31, 32]. We first show that we can resolve forty-one 
OAM states and forty-one radial components of our higher-order Bessel beams separately. By introducing cylindrical 
lenses into the optical setup, we illustrate that one is able to extract both the OAM states and radial components of the 
modes simultaneously. In this configuration we resolve twenty-one OAM states with fairly low cross-talk levels.  

2. THEORY  
Modal decomposition 

Since the angular harmonics, exp(ilϕ), are orthogonal over the azimuthal plane, the OAM-carrying fields and their 
superpositions may be expressed in terms of such harmonics as follows 
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The relative weighting of the power contained in each azimuthal mode can then be defined as [3]: 

.
),(

),(
)(

0

2

0

2

∑ ∫

∫
=

∞

∞

l
l

l

l
rdrzra

rdrzra
zP                                                                      (3) 

Refractive optics 

The technique used for the measurement of the OAM spectrum and the radial components of Bessel beams, consists of 
two refractive optical elements [26, 27, 33, 34] which map a position in an input plane (x,y) to a position in the output 
plane (u,v) by a conformal mapping [35-37] 
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Equation 4 illustrates that the vertical coordinate varies as a function of the radial component, R. The first refractive 
element which performs the log-polar mapping as given in Eqs (4) and (5), has a phase profile given by 
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f is the focal length of the lens integrated in the refractive optical element and n its refractive index. The parameter a 
controls the width of the azimuthal projection on the second refractive optical element, where a = d/2π and d is the 
length of the second refractive optical element along the y-axis; b controls the scaling of the radial component and may 
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be chosen independently of a. The second refractive optical element is placed at a distance of f behind the first and 
corrects any unwanted phase distortions associated with the first refractive optical element. It has a phase profile of  

.)(
2
11cosexp

)1(
),( 22

2

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎠
⎞

⎜
⎝
⎛ +−⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−

−
−=

44 344 21
termlens

yx
aba

v
a
u

nf
abyxφ                                         (7) 

A schematic of the concept, where the above mentioned refractive optical elements are used to resolve both the 
azimuthal and radial components, is given in Fig. 1.  

 

 
Fig. 1. Case 1, column A: Annular rings (Fourier transform of Bessel beams) of the same radius but different azimuthal 
components (l = -5 and l = +5) are mapped to transverse momentum modes represented by the linear phase variations in 
column B. A spherical lens (SL) arranged in a 2-f configuration maps the transverse momentum modes to unique x-
coordinates in column C. Case 2, column A: Annular rings of the same azimuthal components (l = +1) but different radii 
are mapped to transverse momentum modes represented by the linear phase variations in column B. Spherical lenses 
(SL) arranged in a 4-f configuration image the transverse momentum modes to unique y-coordinates in column C. Case 
3, column A: Superimposed annular rings of different radii and different azimuthal components (l = -5 and l = +5) are 
mapped to transverse momentum modes represented by the linear phase variations in column B. Cylindrical lenses (CL) 
arranged in a 4-f configuration map the transverse momentum modes to unique x- and y-coordinates in column C, 
respectively. 
 

The conformal mapping that is described by Eqs (4) and (5) and achieved by the phase profile given in Eq. (6) is 
depicted to occur between columns A and B in Fig. 1. The annular ring structure (Fourier transform of Bessel beams) 
possessing a particular azimuthal phase variation of a particular radial component is mapped to a linear phase variation. 
Each of the cases represented in Fig. 1 resembles the concept for separating azimuthal components (case 1), radial 
components (case 2) and both azimuthal and radial components simultaneously (case 3). In case 1, two annular rings 
possessing the same radial components, but different azimuthal orders (l = -5 and l = +5), given in column A, are 
transformed to a linear phase variation as represented in column B. A spherical lens is placed after the second refractive 
optical element to focus the transformed beam to a specified spot in the focal plane, represented in column C. The 
position of the spot varies along the x-direction as a function of the incident azimuthal order and is defined by 
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Case 2 represents the concept for resolving the radial component of the incident beam. Two annular rings possessing the 
same azimuthal component (l = +1), but different radial components as given in column A, are transformed to a linear 
phase variation represented in column B. By arranging two spherical lenses in a 4-f configuration, the unravelled linear 
phase variation is imaged to the plane represented in column C and varies along the y-direction as a function of the 
incident radial component as defined by Eq. (3). To combine both of the techniques represented in cases 1 and 2, to 
simultaneously resolve the azimuthal and radial components to x- and y-coordinates respectively, cylindrical lenses are 
arranged in a 4-f configuration, as depicted in case 3. The x-axis at the plane contained in column B is Fourier 
transformed to a specified x-position at column C (achieved by cylindrical lens CL’’), while cylindrical lenses CL’ image 
the y-axis at column B’s plane to that in column C.  This results in the transverse momentum modes at column B being 
transformed to a specified position on the x-axis at column C, while simultaneously imaging the unravelled annular ring 
to a specified position on the y-axis. The example given in case 3 consists of a superposition of two annular rings that are 
resolved to two different spots, whose x- and y-coordinates are related to their azimuthal and radial components 
respectively.     

3. EXPERIMENTAL METHODOLOGY  
Modal decomposition 

The experimental realization of the modal decomposition technique comprises of two parts: the generation and then 
decomposition of the field, and is shown schematically in Fig. 2(a).  A Gaussian beam (Fig. 2(b)) was expanded through 
a 5× telescope and directed onto the liquid crystal display of SLM1 which was programmed to produce various 
superposition fields of OAM carrying Bessel beams. The Bessel fields were then magnified with a 10× objective and 
directed to the second SLM (SLM2) for executing the modal decomposition.  This was accomplished by executing an 
inner product of the incoming field with the match filter set to exp(ilϕ), for various l values, and for particular radial (r) 
positions on the field. The Fourier plane is shown in Fig. 2(f) where we require only the intensity at the origin of this 
plane.     

 
Fig. 2. (a) A schematic of the experimental setup for performing the modal decomposition.  L: Lens (f1 = 15 mm; f2 = 75 
mm; f3 = 200 mm and f4 = 200 mm); M: Mirror; SLM: Spatial light Modulator; O: Objective; CCD: CCD Camera. The 
objective, O2, was placed at the focus (or Fourier plane) of lens, L4. (b) The Gaussian beam used to illuminate SLM1. (c) 
The digital hologram used to generate the optical field of interest (d) and the digital hologram (e) used to extract the 
weightings of the modes from the inner product (f).  

Refractive optics 

The experimental setup is presented in Fig. 3 (a). A HeNe laser was expanded through a telescope (lenses L1 and L2) to 
illuminate the liquid crystal display of a SLM. The SLM was programmed to produce the Fourier transform of Bessel 
beams of various azimuthal and radial orders which were imaged onto the entrance of the mode sorter, located at the first 
refractive optical element (R1). To produce the Fourier transform of a Bessel beam, an annular ring containing a 
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particular azimuthal order was encoded onto the SLM; such an example is given in Fig. 3 (b). Alternating sets of pixels 
surrounding the annular ring were assigned phase values of 0 and π, producing an amplitude transmission of 0 on our 
phase-only SLM [38]. The resulting annular rings were propagated through the mode sorter (denoted by refractive 
optical elements, R1 and R2), where R1 performed a log-polar mapping thus transforming the azimuthal modes to 
transverse momentum modes, while consequently mapping the radial component to a unique latitude. The second 
refractive optical element (R2) corrected the unwanted phase associated with R1. The phase profiles of the refractive 
optical elements R1 and R2, obtained from Eqs (6) and (7), are presented in Figs 3 (c) and 3 (d) respectively.  

 

 
Fig. 3. (a) Schematic of the experimental setup for efficiently sorting the azimuthal and radial components of Bessel 
beams. L, lens (fL1 = 15 mm, fL2 = 125 mm, fL3 = 500 mm, fL4 = 500 mm); SLM, spatial light modulator; M, mirror; R, 
refractive optical element; CL, cylindrical lens (fCL1 = 50 mm (orientated to focus the y-axis), fCL2 = 100 mm (orientated 
to focus the x-axis), fCL3 = 50 mm (orientated to focus the y-axis)); CCD, CCD camera. (b) The phase profile encoded on 
the SLM and a zoomed-in insert of the alternating phase values surrounding the ring-slit. (c) and (d) The phase profiles 
of the refractive optical elements R1 and R2, respectively.   

4. RESULTS AND DISCUSSION  
Modal decomposition 

For the modal decomposition technique the Bessel field was divided radially into 10 sections, with each section 
sequentially apertured by an annular ring (as illustrated in Fig. 4).  The azimuthal phase within the annular ring was 
varied from –4 to +4 in the l index.  Thus the decomposition of the field of interest was executed as a function of radial 
co-ordinate and azimuthal mode.  This allows for the OAM spectrum, al(r,z) to be found at any radial position across the 
beam.  
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Fig. 4. The field of interest was divided radially, and an annular ring was programmed onto the second SLM in order to 
execute the inner product at only this radius.  The phase within the annular ring was varied in the azimuthal angle for 
various values of l.  

 
The experimentally measured weighting coefficients for a superposition of two Bessel beams (with azimuthal indices l = 
+3 and -3) is given in Fig. 5 it is evident that although the global OAM of this particular field is zero, the local OAM 
varies radially across the field for azimuthal indices of +3 and -3. 
 

 
Fig. 5. The measured OAM spectrum (for l values of –4 to +4) as a function of the radial position. The height of 
each bar represents the measured coefficients |al|2. 
 
Refractive optics 

Annular rings of radius, R = 1320 μm, having azimuthal orders ranging from l = -10 to +10 were generated and directed 
through the mode sorter. An example of a hologram, for an azimuthal order of l = -5, encoded on the SLM and the 
annular ring produced at the plane of R1 together with its Fourier transform are given in the first row of Fig. 6 ((a) – (c), 
respectively). The unravelled transverse momentum mode at the plane of R2 was focused by a cylindrical lens having a 
focal length of f = 100 mm, producing an elongated lateral spot shown in Fig.6 (d), with its theoretical prediction given 
alongside in Fig. 6 (e). We illustrate that the result can be improved by replacing the three cylindrical lenses with a single 
spherical lens (f = 250 mm), producing the experimentally recorded lateral spot in Fig. 6 (f) which is in very good 
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agreement with its theoretical prediction in Fig. 6 (g). The white dotted line represents the position for the lateral spot for 
an azimuthal mode of l = 0. Apertures in the detector plane were centred on the expected spot positions and the intensity 
in each of the apertures was measured for each input mode. The relative fraction of the OAM state was determined and is 
presented in Fig. 6 (h).     
 

 
Fig. 6. (a) The hologram, (b) annular ring, and (c) Bessel beam for a radial component of R = 1320 μm and an azimuthal 
component of l = - 5.  The theoretical results are given as inserts. (d) The experimentally recorded and (e) theoretically 
calculated lateral spot when cylindrical lenses are used (as in case 3 of Fig. 1). (f) The experimentally recorded and (g) 
theoretically calculated lateral spot when a spherical lens (f = 250 mm) is used. (h) Relative fractions of the intensity at 
each detector position for incoming OAM states ranging from l = -10 to +10 (for R = 1320 μm). 
 
The radial component of the annular ring entering the mode sorter was varied from values of R = 920 to 2520 μm. An 
example of a hologram and its corresponding annular ring and Fourier transform is given in the first row of Fig. 7 ((a) – 
(c)). The transformed unravelled annular rings, at the plane of R2, were imaged onto the CCD, with the use of cylindrical 
lenses CL1 and CL3 and an example is depicted in Fig. 7 (d), together with its theoretical prediction in Fig. 7 (e). We 
illustrate that the result can be improved by replacing the three cylindrical lenses with two spherical lenses (f = 250 mm), 
as in case 2 of Fig. 1, imaging the unravelled transverse momentum mode to the CCD as in Fig. 7 (f) which is in very 
good agreement with its theoretical prediction in Fig. 7 (g). The white dotted line marks a common reference on the CCD 
image. Similarly in detecting the radial components, apertures in the detector plane are centred on the expected line 
positions and relative fractions of the radial spectrum for various input modes are determined and presented in Fig. 7 (h).  
 

 
Fig. 7. (a) The hologram, (b) annular ring, and (c) Bessel beam for a radial component of R = 360 μm and an azimuthal 
component of l = +1.  The theoretical results are given as inserts. (d) The experimentally recorded and (e) theoretically 
calculated lateral spot when cylindrical lenses are used (as in case 3 of Fig. 1). (f) The experimentally recorded and (g) 
theoretically calculated unravelled transverse momentum mode when two spherical lenses (f = 250 mm) are used. (h) (b) 
Relative fractions of the intensity at each detector position for incoming radial components ranging from R = 120 to 3220 
μm (for l = +1). 
 
Multiple annular rings were also directed through the mode sorter and an example is presented in Fig 8. An example of a 
hologram containing two annular rings of differing radii and azimuthal modes is given in Fig. 8 (a) together with its 
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corresponding annular ring field and Fourier transform (superimposed Bessel beams) in Figs 8 (b) and (c), respectively. 
The separation of the two azimuthal and two radial components, when using cylindrical lenses CL1, CL2 and CL3, is 
depicted in Fig. 8 (d) accompanied with the theoretical prediction in Fig. 8 (e), illustrating that the mode sorter is capable 
of distinguishing superimposed azimuthal modes. There is fairly good agreement in terms of the locations of the 
experimentally recorded lateral spots (Fig. 8 (d)) and their theoretical predictions (Fig. 8 (e)).  
 

 
Fig. 8. (a) Digital hologram of multiple azimuthal and radial orders R1 = 680 μm, R2 = 2120 μm, l1 = -5, l2 = +15, and (b) 
the corresponding annular ring field and (c) Fourier transform (superimposed Bessel beams). The theoretical results are 
given as inserts. (d) The corresponding experimental and (e) theoretical spots produced at the plane of the CCD. 

5. CONCLUSION   
We have demonstrated a modal decomposition technique for the extraction of the OAM spectrum of an optical field 
which requires only an SLM and a lens [28-30].  For a superposition of two Bessel beams of azimuthal indices l  = +3 
and -3, we find that while the global OAM is zero, the local OAM spectrum changes radially across the beam. For the 
refractive optic case, we have illustrated the separation of higher-order Bessel beams in both their azimuthal and radial 
bases [31, 32]. The ability to extract encoded information across two higher-dimensional state spaces will prove very 
useful in quantum communication and information systems. Although there is a slight overlap between neighbouring 
modes in separating both the OAM and radial modes (and even more so in the case of implementing cylindrical lenses), 
we suggest first separating the OAM modes into odd and even ports [24, 25] to decrease any cross-talk.  
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