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Infinitesimal-propagation equation for decoherence of an orbital-angular-momentum-entangled
biphoton state in atmospheric turbulence
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We derive a first-order differential equation for the decoherence of an orbital angular momentum entangled
biphoton state propagating through a turbulent atmosphere. The derivation is based on the distortion that orbital
angular momentum states experience due to propagation through a thin sheet of turbulent atmosphere. This
distortion is treated as an infinitesimal transformation leading to a first-order differential equation, which we
call an infinitesimal propagation equation. The equation is applied to a simple qubit case to show how the
entanglement decays.
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I. INTRODUCTION

The orbital angular momentum (OAM) states of a photon
is an attractive basis for quantum information processing
and communication, because it allows a higher dimensional
representation of quantum information [1–3]. One application
where such a higher dimensional representation can have
benefits in terms of information capacity is in free-space
quantum communication. Unfortunately, the turbulence in
the atmosphere causes the decoherence of entanglement of
OAM states. The refractive index fluctuations in the turbulent
atmosphere produce random-phase modulations that distort
the OAM states. This process is similar to the distortion
suffered by OAM modes in classical optical beams due to
scintillation in turbulence [4–8].

In this paper we derive a theoretical framework with which
one can investigate the decoherence of OAM entanglement
in atmospheric turbulence. Some previous investigations of
this process [9–11] are based on the work of Patterson [5],
who assumed that one can model the turbulent medium with
a single phase screen and parameterized the turbulence with
one parameter, the Fried parameter [12]. As a result the effects
of the propagation, such as beam spreading, intensity scintil-
lation, and multiple scattering among different modes, are not
incorporated into the model. Neither is Patterson’s framework
able to consider the individual effects of the different scale
parameters that are combined into the Fried parameter.

Another approach to investigating the decoherence of
OAM entanglement in atmospheric turbulence is to model the
turbulent medium as an absorbing and scattering medium [13].
However, this analysis assumes that the turbulence is weak.

The approach that is used in this paper is based on
the incremental effect of the turbulent atmosphere on the
quantum state (density operator), expressed as a first-order
differential equation, which can then be solved to obtain the
evolution over the entire propagation distance. This approach
is reminiscent of a master equation approach; however, here
the derivative is taken with respect to propagation distance
instead of time. In this framework one can incorporate any
model for the turbulence—that is, any power spectral density
such as Kolmogorov, Tartaskii, or von Karman [12]. By
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implication one can investigate the effect of any of the scale
parameters associated with the whole process and not only the
Fried parameter. One can apply this framework to cases with
arbitrary strong turbulence or strong scintillation.

For the purpose of the derivation, it is assumed that the light
is monochromatic, that the beam propagates paraxially and that
it has a uniform polarization to allow scalar propagation. The
final result can be generalized to polychromatic vector fields.
The paraxial approximation would always be valid in practical
applications of this framework.

The paper is organized as follows. First we discuss how to
treat a photon field that propagates through a linear spatially
inhomogeneous medium in Sec. II. Then we discuss the
infinitesimal transformation of the momentum space wave
functions of such photon fields in Sec. III. In Sec. IV we show
how we define the density operator in terms of the OAM and
momentum bases. The derivation of the infinitesimal propa-
gation equation (IPE) is shown in Sec. V, with the aid of the
ensemble averaging discussed in Appendix B. Then in Sec. VI
we show how one can treat the different integrals that appear
in the IPE, using the generating function of OAM modes
discussed in Appendix A. In Sec. VII a simple example is
considered. We discuss the results in Sec. VIII and end with a
summary in Sec. IX.

II. FIELD QUANTIZATION

A dynamical system is generally understood to be one
evolving in time. For a quantum system this evolution is
unitary, being described by a unitary operator that is given by
an exponential operator with the time-integrated Hamiltonian
as its argument. Within this context the process of decoherence
of OAM entanglement in a turbulent atmosphere is not
described by a dynamical system. Although the turbulent
medium is inhomogeneous it is still assumed to be linear,1

which implies that one can consider each temporal frequency

1One could incorporate nonlinear interactions between the air and
the light traversing it to obtain a more exact model for the physics
of the problem, but we argue that such an elaborate model is not
necessary to capture the predominant mechanism of the decoherence
in this process.
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separately, leading to a monochromatic assumption. The
temporal behavior of the field is therefore simply given
by exp(iωt). A straightforward Hamiltonian approach for
this problem is therefore inappropriate.2 Instead of having
a three-dimensional field that evolves in time, our approach
in this paper is to ignore the temporal behavior and instead
consider a two-dimensional field that changes as it moves
along the third spatial dimension.

Due to the monochromatic assumption, which fixes the
wavelength of the light λ, the z component of the propagation
vector can be expressed as a function of the other two
components:

kz(kx,ky) =
(

4π2

λ2
− k2

x − k2
y

)1/2

. (1)

As a result the momentum basis under the monochromatic
approximation becomes a two-dimensional basis |K〉, where
the propagation vector K = kxx̂ + kyŷ represents the two-
dimensional projection of the three-dimensional propagation
vector. It is necessary to include the evanescent momentum
states (those for which kz is imaginary) to ensure that the basis
is complete. However, under the paraxial approximation the
evanescent part of the field is negligible. We assume that the z

direction is the general direction of propagation. Therefore, the
two-dimensional momentum basis describes two-dimensional
fields on the transverse plane, perpendicular to the propagation
direction. In the absence of turbulence one can recover the full
three-dimensional field by using Fresnel diffraction theory to
propagate the two-dimensional field along z. In the presence
of turbulence the two-dimensional field transforms in a more
complicated way from one plane to another. We formulate the
decoherence process in terms of this transformation.

An arbitrary pure state of a monochromatic, uniformly
polarized single photon can now be expressed on the transverse
plane in terms of the two-dimensional momentum basis:

|ψ〉 =
∫

G(K)|K〉 d2K

4π2
, (2)

where the coefficient function G(K) is the momentum space
wave function 〈K|ψ〉. The inverse two-dimensional Fourier
transform of the momentum space wave function gives the
position space wave function g(x,y) on the transverse plane at
z = 0.

Although the OAM basis (which is equivalent to the two-
dimensional momentum basis) is the preferred basis for an
analysis where the photons are entangled in terms of OAM,
the turbulence is modeled in terms of a power spectral density
that is defined in terms of a momentum basis. As a result
one is forced to have a mixture of both bases in this analysis.
We therefore start with the momentum basis and eventually
express the OAM basis in terms of it.

2This is not to say that one cannot use some artificial Hamiltonian
that somehow converts the spatial evolution into a temporal evolution.
However, this is not our approach here.

III. EQUATION OF MOTION AND INFINITESIMAL
TRANSFORMATION

For an interaction-free system the quantum wave function
obeys the same equations of motion as the classical field.
Therefore, the equation of motion for the position space wave
function can be derived from Maxwell’s equations. In a source-
free region this gives the Helmholtz equation

∇2g(x) + n2k2g(x) = 0, (3)

where k is the wave number, n is the refractive index, and x =
xx̂ + yŷ + zẑ. The inhomogeneous medium is represented by
a spatially varying index of refraction,

n = 1 + δn(x). (4)

This variation is very small (δn � 1), which implies that one
can approximate the Helmholtz equation as

∇2g(x) + k2g(x) + 2δn(x)k2g(x) = 0. (5)

Furthermore, we assume that the beam is paraxial and
propagates in the z direction. So we define

g(x) = U (x) exp(−ikz), (6)

which then leads to the paraxial wave equation with the extra
inhomogeneous medium term

∇2
T U (x) − i2k∂zU (x) + 2δn(x)k2U (x) = 0, (7)

where ∇T is the transverse part of the gradient operator.
Now we replace U (x) with its two-dimensional inverse

Fourier transform, which contains the angular spectrum of the
optical field G(K,z). The latter also represents the momentum
space wave function for the purpose of the quantum analysis.
Then we obtain

∂zG(K,z) = i

2k
|K|2G(K,z) − ikN (K,z) � G(K,z), (8)

where � indicates convolution and N (K,z) is the two-
dimensional Fourier transform of δn(x). This equation repre-
sents the infinitesimal transformation of the momentum space
wave function during propagation. It forms the basis of the
derivation of the IPE.

IV. DENSITY OPERATOR IN THE OAM BASIS

For the purpose of this derivation we first consider a single
photon and then generalize the result for the case of two
photons. The density operator of an arbitrary single-photon
state can be expressed in the OAM base by

ρ =
∑
m,n

|m〉 ρm,n 〈n|, (9)

where we use a single index to denote both the indices of the
OAM states, m ≡ {l,r}. (See Appendix A for a discussion of
the OAM modes.) Unless stated otherwise, each OAM index
used in the subsequent derivation always represents both the
indices associated with a particular OAM mode. Each of these
OAM states can be expanded in terms of the two-dimensional
momentum basis

|m〉 =
∫

Gm(K)|K〉 d2K

4π2
, (10)
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leading to the following expression for the density operator in
terms of the two-dimensional momentum basis:

ρ(z) =
∑
m,n

∫
|K1〉 Gm(K1,z)ρm,n

×G∗
n(K2,z)〈K2| d2K1

4π2

d2K2

4π2
, (11)

where the dependence on z is shown explicitly to make
it apparent that this expression for ρ is only valid on a
transverse plane for a specific value of z. Here, and also later,
we use only one integral sign to represent several K-space
integrals. By evaluating the summations in Eq. (11), one
obtains the definition for the density operator in terms of the
two-dimensional momentum basis,

ρ(z) =
∫

|K1〉ρ(K1,K2,z)〈K2| d2K1

4π2

d2K2

4π2
, (12)

where

ρ(K1,K2,z) =
∑
m,n

Gm(K1,z)ρm,nG
∗
n(K2,z), (13)

which implies that

ρm,n =
∫

G∗
m(K1,z)ρ(K1,K2,z)Gn(K2,z)

d2K1

4π2

d2K2

4π2
.

(14)

Since the two-dimensional momentum basis and the OAM
basis are completely equivalent, the definitions in Eqs. (9)
and (12) are also completely equivalent and Eqs. (13) and (14)
indicate how one can transform from one to the other.

For two photons the density operator in Eq. (11) can be
generalized to become

ρ(z) =
∑

m,n,p,q

∫
|K1〉|K3〉Gm(K1,z)Gp(K3,z)

× ρm,n,p,q G∗
n(K2,z)G∗

q(K4,z)〈K2|〈K4|

× d2K1

4π2

d2K2

4π2

d2K3

4π2

d2K4

4π2
. (15)

To obtain the full three-dimensional expression for the
density operator in free space (without turbulence) one can use
Fresnel diffraction theory to determine the expression at any
other value of z. In the presence of turbulence the expression
for the density operator is only valid on a specific transverse
plane, and it needs to be transformed according to Eq. (8) from
plane to plane.

Note that inside the expression the z dependence is carried
by the momentum space wave functions and not by the
density matrix elements. This is because the transformation of
the density operator during propagation over an infinitesimal
distance through turbulence is caused by the distortion of the
momentum space wave functions. After such an infinitesimal
propagation these momentum space wave functions no longer
represent the Fourier transforms of the original modes. One
needs to reexpand these distorted wave functions in terms of
the momentum space wave functions of the OAM modes and
incorporate the expansion coefficients in the density matrix
elements. Thereby one can transfer the z dependence to the
density matrix elements.

For notational convenience we represent the product of
momentum space wave functions that appear in Eq. (15) as a
single function:

Gm(K1,z)Gp(K3,z)G∗
n(K2,z)G∗

q(K4,z)

= Fm,n,p,q (K1,K2,K3,K4,z). (16)

The expression for ρ is now given by

ρ(z) =
∑

m,n,p,q

∫
|K1〉|K3〉 ρm,n,p,q

×Fm,n,p,q (K1,K2,K3,K4,z)

×〈K2|〈K4| d2K1

4π2

d2K2

4π2

d2K3

4π2

d2K4

4π2
. (17)

Since Fm,n,p,q carries the only z dependence in the expression
for the density operator, we focus on how it transforms
during infinitesimal propagation. At the end we apply the
transformation to the expression for ρ.

V. DERIVATION OF THE IPE

We are ready to consider the steps in the derivation of the
IPE. For this purpose we consider the scenario where a pair
of photons (biphoton), which are entangled in terms of the
OAM basis, both propagate through a turbulent atmosphere,
as shown in Fig. 1. It is assumed that the turbulences seen by
the respective photons are mutually uncorrelated.

A. Infinitesimal transformation

The transformation that is caused by an infinitesimal
propagation is obtained by substituting Eq. (8) into the
infinitesimally propagated version of Fm,n,p,q , which is ob-
tained by setting z = z + dz and then expanding the result to
subleading order in dz. The resulting expression is turned into
a differential equation by taking the limit dz → 0:

∂zFm,n,p,q (K1,K2,K3,K4,z)

= i

2k
(|K1|2 − |K2|2 + |K3|2 − |K4|2)

×Fm,n,p,q (K1,K2,K3,K4,z) − ik

[ ∫
N1(K1 − K,z)

×Fm,n,p,q (K,K2,K3,K4,z)
d2K

4π2
−

∫
N∗

1 (K2 − K,z)

×Fm,n,p,q (K1,K,K3,K4,z)
d2K

4π2
+

∫
N2(K3 − K,z)

OAM
entanglement

source

Turbulent
atmosphere

Turbulent
atmosphere

Detector Detector

FIG. 1. (Color online) Diagram showing how the OAM entan-
gled biphoton propagates through turbulent media toward the two
detectors.
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×Fm,n,p,q (K1,K2,K,K4,z)
d2K

4π2
−

∫
N∗

2 (K4 − K,z)

×Fm,n,p,q (K1,K2,K3,K,z)
d2K

4π2

]
. (18)

This differential equation still contains the Nn’s, which
are random functions. One needs to perform an ensemble
averaging to remove the randomness. However, if one would
perform such an ensemble averaging on Eq. (18) all the terms
containing Nn’s would fall away, because 〈Nn〉 = 0. So we

proceed as follows. Integrating Eq. (18), one obtains Fm,n,p,q

in terms of previous versions of itself. Next, one substitutes the
resulting integral equation back into itself repeatedly to obtain
an infinite series (Dyson expansion). The ensemble average of
the result would remove many terms, because

〈Nn〉 = 〈NnN
(∗)
m 〉 = 0 for m �= n. (19)

The resulting integral equation, up to second order in Nn,
showing only the terms that survive the ensemble averaging,
is given by

Fm,n,p,q (K1,K2,K3,K4,z) = Fm,n,p,q (K1,K2,K3,K4,z0) + (z − z0)
i

2k
(|K1|2 − |K2|2 + |K3|2 − |K4|2)

×Fm,n,p,q (K1,K2,K3,K4,z0) − k2
∫ z

z0

∫ z1

z0

∫
〈N1(K1 − K,z1)N1(K − K0,z2)〉

×Fm,n,p,q (K0,K2,K3,K4,z0) − 〈N1(K1 − K,z1)N∗
1 (K2 − K0,z2)〉

×Fm,n,p,q (K,K0,K3,K4,z0) − 〈N∗
1 (K2 − K,z1)N1(K1 − K0,z2)〉

×Fm,n,p,q (K0,K,K3,K4,z0) + 〈N∗
1 (K2 − K,z1)N∗

1 (K − K0,z2)〉
×Fm,n,p,q (K1,K0,K3,K4,z0) + 〈N2(K3 − K,z1)N2(K − K0,z2)〉
×Fm,n,p,q (K1,K2,K0,K4,z0) − 〈N2(K3 − K,z1)N∗

2 (K4 − K0,z2)〉
×Fm,n,p,q (K1,K2,K,K0,z0) − 〈N∗

2 (K4 − K,z1)N2(K3 − K0,z2)〉
×Fm,n,p,q (K1,K2,K0,K,z0) + 〈N∗

2 (K4 − K,z1)N∗
2 (K − K0,z2)〉

×Fm,n,p,q (K1,K2,K3,K0,z0)
d2K0

4π2

d2K

4π2
dz2 dz1. (20)

Note that the only z1 and z2 dependences appear in the Nn’s.
In Appendix B it is shown that∫ z

z0

∫ z1

z0

〈Nn(K1,z2)N∗
n (K2,z1)〉 dz2 dz1

= 2π2dzδ(K1 − K2)	1(K1), (21)

where we set z − z0 = dz. We now use Eq. (21) to simplify
Eq. (20) and then take the limit dz → 0 to turn it into a
differential equation again,

∂zFm,n,p,q (K1,K2,K3,K4,z)

= i

2k
(|K1|2 − |K2|2 + |K3|2 − |K4|2)

×Fm,n,p,q (K1,K2,K3,K4,z0)

− 2k2Fm,n,p,q (K1,K2,K3,K4,z0)
∫

	1(K)
d2K

4π2

+ k2
∫

	1(K)Fm,n,p,q (K1 − K,K2 − K,K3,K4,z0)
d2K

4π2

+ k2
∫

	1(K)Fm,n,p,q (K1,K2,K3 − K,K4 − K,z0)
d2K

4π2
.

(22)

If one substitutes Eq. (22) into the z derivative of Eq. (17) one
would obtain a first-order differential equation for the density

operator. However, we are interested in the transformation of
the individual density matrix elements.

B. Extraction of matrix elements

To express the transformation of the density operator due to
the infinitesimal propagation through a turbulent atmosphere
in terms of the density matrix elements, one needs to extract
the matrix elements from the density operator, using the trace

∂zρu,v,r,s(z) = trace {∂zρ(z)|v〉|s〉〈u|〈r|} , (23)

where the operator that selects a particular matrix element in
the OAM basis is given by

|v〉|s〉〈u|〈r| =
∫

|K8〉|K6〉 F ∗
u,v,r,s(K5,K6,K7,K8,z)〈K7|〈K5|

× d2K5

4π2

d2K6

4π2

d2K7

4π2

d2K8

4π2
. (24)

Substituting Eqs. (17) and (24) into Eq. (23) we obtain

∂zρu,v,r,s(z) = trace

{ ∑
m,n,p,q

∫
|K1〉|K3〉 ρm,n,p,q∂zFm,n,p,q

× (K1,K2,K3,K4,z)〈K2|〈K4| d2K1

4π2

d2K2

4π2

× d2K3

4π2

d2K4

4π2

∫
|K8〉|K6〉 F ∗

u,v,r,s
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× (K5,K6,K7,K8,z)〈K7|〈K5|

× d2K5

4π2

d2K6

4π2

d2K7

4π2

d2K8

4π2

}

=
∑

m,n,p,q

ρm,n,p,q

∫
∂zFm,n,p,q (K1,K2,K3,K4,z)

×F ∗
u,v,r,s(K1,K2,K3,K4,z)

d2K1

4π2

d2K2

4π2

× d2K3

4π2

d2K4

4π2
, (25)

where the last expression is obtained because of the orthogo-
nality of the momentum basis

〈K1|K2〉 = 4π2δ2 (K1 − K2) , (26)

as applied for the separate photons. Substituting Eq. (22) into
Eq. (25), we obtain

∂zρu,v,r,s(z)

=
∑

m,n,p,q

ρm,n,p,q

∫ [
i

2k
(|K1|2 − |K2|2 + |K3|2 − |K4|2)

×Fm,n,p,q (K1,K2,K3,K4,z0) − 2k2Fm,n,p,q

× (K1,K2,K3,K4,z0)
∫

	1(K)
d2K

4π2

+ k2
∫

	1(K)Fm,n,p,q (K1 − K,K2 − K,K3,K4,z0)
d2K

4π2

+ k2
∫

	1(K)Fm,n,p,q (K1,K2,K3 − K,K4 − K,z0)
d2K

4π2

]

×F ∗
u,v,r,s(K1,K2,K3,K4,z)

d2K1

4π2

d2K2

4π2

d2K3

4π2

d2K4

4π2
.

(27)

C. Final expression

Due to the orthogonality of the momentum space wave
functions of the OAM basis,∫

Gm(K,z)G∗
n(K,z)

d2K

4π2
= δm,n, (28)

one can simplify Eq. (27). The resulting first-order differential
equation, which represents the IPE, is given by

∂zρu,v,r,s(z) = Sm,u(z)ρm,v,r,s − Sv,n(z)ρu,n,r,s + Sp,r (z)ρu,v,p,s

− Ss,q (z)ρu,v,r,q − 2LT ρu,v,r,s

+Lm,n,u,v(z)ρm,n,r,s + Lp,q,r,s(z)ρu,v,p,q ,

(29)

where repeated indices imply summation and the following
definitions were made:

Sx,y(z) = i

2k

∫
|K|2Gx(K,z)G∗

y(K,z)
d2K

4π2
, (30)

LT = k2
∫

	1(K)
d2K

4π2
, (31)

and

Lm,n,u,v(z) = k2
∫

	1(K)Wm,u(K,z)W ∗
n,v(K,z)

d2K

4π2
,

(32)

with

Wx,y(K,z) =
∫

Gx(K1,z)G∗
y(K1 − K,z)

d2K1

4π2
. (33)

The first four terms of Eq. (29) are the nondissipative terms,
representing the free-space propagation process. The last three
terms of Eq. (29) are the dissipative terms, representing the
scattering of OAM modes into other OAM modes due to the
turbulence. One can separate the dissipative terms into separate
pairs for the two photons, each having its own Lm,n,u,v and LT

terms.
The IPE in Eq. (29), together with Eqs. (30)–(33), is the

main result of this paper. In general, Eq. (29) represents an
infinite set of coupled first-order differential equations. Even
if the initial state contains only a few lower order modes, the
turbulence will cause these modes to be coupled into all other
modes. Subsequently, the other modes will couple back into the
original modes. Truncating the set of equations, one inevitably
excludes part of the coupling among all the different modes.
However, this coupling should become progressively smaller
for higher order modes. Hence, one may be able to truncate
the set at some point while retaining the dominant intermodal
coupling.

VI. SOLVING THE INTEGRALS

The momentum space generating function, discussed in
Appendix A and given by

F{G} = π

1 + w
exp

[
iπ (a + ib)p

1 + w
+ iπ (a − ib)q

1 + w

− π2(a2 + b2)
(t,w)

1 + w

]
, (34)

is now used to evaluate the integrals for Eqs. (30)–(33).
The formalism allows one to use any power spectral density

	0(k) for the turbulence. Here we neglect the effect of the inner
scales and use the von Karman power spectral density [12],

	0(k) = 0.033C2
n(|k|2 + κ2

0

)11/6 = 	1(K), (35)

where C2
n is the refractive index structure constant for the

turbulence and κ0 is inversely proportional to the outer scale of
the turbulence. The outer scale helps to regularize the integrals,
but in the limit of large outer scale it disappears from the final
expressions. Since the power spectral density only depends
on the magnitude of k, one can set kz = 0, as discussed in
Appendix B, so that k is replaced by K = |K|.

A. Free-space propagation term

First we consider the integral in Eq. (30), which represents
the free-space propagation. After evaluating the integral and
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removing the superfluous mixed terms containing a p times a
q, we obtain a generating function for the S integral,

SG(z) = iλ(1 + wm)(1 + wn)

8(1 − wmwn)3
exp

[
pmpn + qmqn

2(1 − wmwn)

]
× [2(1 − wmwn) + pmpn + qmqn] , (36)

where pm, pn, qm, qn, wm, and wn are the generating function
parameters, associated with the m and n indices. Since the p’s
(or q’s) always appear in products for the m and n indices,
the result implies an orthogonality condition for the azimuthal
indices. The same is not true for the radial indices—one finds
that the result is nonzero when the radial indices differ by
either 0 or 1. When the difference is 0 the final result for
explicit modes can be expressed as

Sm,n(z) = i(1 + |l| + 2r)

2zR

, (37)

where the azimuthal indices are indicated by lm = ln = l and
the radial indices are indicated by rm = rn = r . When the
difference between the radial indices is equal to 1 the result
for explicit modes is given by

Sm,n(z) = i(1 + |l| + r)1/2(1 + r)1/2

2zR

, (38)

where the azimuthal indices are again indicated by lm =
ln = l, but now the radial indices are indicated by r =
(rm + rn − 1)/2.

B. Divergent dissipative term

Next we consider the integral for the dissipative term given
in Eq. (31). Substituting Eq. (35) into Eq. (31), one obtains

LT = 0.1244C2
nλ

−2κ
−5/3
0 . (39)

Hence, LT diverges for large outer scale (κ0 → 0). However,
we find that these terms are canceled by similar terms coming
from Lm,n,u,v(z).

C. Modal correlation functions

The integral in Eq. (33) represents the correlation between
the momentum space wave functions of the OAM modes.
To evaluate this integral we express the generating function
of Eq. (34) in polar momentum space coordinates, so that
kx + iky = K exp(iφ). The result of the integration, left as a
generating function, is then given by

WG(K,φ,z) = π

2(1 − wmwn)
exp

[
pmpn + qmqn

2(1 − wmwn)

+ iK exp(iφ)(pmζ ∗
n + qnζm)η

2(1 − wmwn)

+ iK exp(−iφ)(pnζm + qmζ ∗
n )η

2(1 − wmwn)

− K2ζmζ ∗
n η2

2(1 − wmwn)

]
, (40)

where ζx = zR − iz − wx(zR + iz) and η = λ/ω0. If we eval-
uate the azimuthal indices explicitly while leaving the radial

indices implicit in terms of the parameters wm and wn, one can
express the correlation function as

WrG(K,φ,z) = exp(−X) exp[i(m − n)φ]E
|n|
n E

|m|
m

(1 − wmwn)

×
[

rn!

(|n| + rn)!

]1/2 [
rm!

(|m| + rm)!

]1/2

×
M(m,n)∑

s=0

|m|!|n|!
(−X)s(|m| − s)!(|n| − s)!s!

, (41)

where m(= lm) and n(= ln) are the azimuthal indices, rm and
rn are their associated radial indices, and

M(m,n) = 1
2 (|m| + |n| − |m − n|) , (42)

X = K2ζmζ ∗
n η2

2(1 − wmwn)
, (43)

Em = iKζmη√
2(1 − wmwn)

, (44)

En = iKζ ∗
n η√

2(1 − wmwn)
. (45)

Note that WrG still represents a generating function with
respect to the radial indices.

D. General dissipative term

The two-dimensional integration in Eq. (32) can be
separated into a radial and angular integral in momentum
space polar coordinates. Since 	1(K) only depends on the
radial coordinate (K = |K|) the integral over φ only involves
the φ dependencies of the W ’s, as expressed in Eq. (41).
The combined φ dependencies of the two W ’s is given
by exp[i(m − u − n + v)φ], where m, n, u, and v are the
azimuthal indices of all the modes involved. The result of the
angular integral is zero unless m − u − n + v = 0, in which
case the result is the product of the two W ’s without the
φ-dependent exponentials, times 2π . As a result many of the
elements in Lmnuv vanish.

The result of the remaining K integral is too complicated
to express as a single closed-form expression. However, one
can consider the result on a term-by-term basis. These terms
all have the form

fm(K) = A exp(−BK2)K2m(
K2 + κ2

0

)11/6 , (46)

where m is a non-negative integer (not to be confused with
the combined OAM indices used before), A contains all the
multiplicative parameters from Eqs. (41) and (35), and B is
a parameter composed of the parameters in the exponent of
Eq. (41), as given in Eq. (43).

If m = 0 the integral over fm(K) diverges as κ0 → 0. In
the limit of small κ0 the leading terms are∫ ∞

−∞
f0(K)K dK ≈ LT − π1/2

6�(2/3)

C2
nω

5/3
0 (1 + t2)5/6

λ2
,

(47)
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where t = z/zR and LT is given by Eq. (39). It turns out that
the LT term in Eq. (29) exactly cancels out all the LT terms
that appear inside the Lmnpq term in Eq. (29) as a result of
Eq. (47).

The integrals of fm(K) with m > 0 all give finite results
independent of κ0 in the limit where κ0 → 0 and have the
form ∫ ∞

−∞
fm(K)K dK ≈ Gm

C2
nω

5/3
0 (1 + t2)5/6

λ2
, (48)

where Gm is a numerical constant that only depends on m.

VII. QUBIT EXAMPLE

A. Solving the IPE

Here we work through a simple example where only modes
of the lowest radial index (r = 0) and with azimuthal indices
of the same magnitude l = ±q are considered. We consider
three cases where q = 1,2,3, respectively. The small number
of modes (only two per case) imply a severe truncation. The
trace of the truncated density matrix is not in general equal to
1. The truncated density matrix can be normalized to calculate
the concurrence [14,15] as a measure of the entanglement. On
the other hand, the reduced trace gives an indication of the loss
of information to the higher order modes.

For r = 0 one sets w1 = w2 = 0 in all the generating func-
tions. Then all the nondissipative terms (those that contain S)
in Eq. (29) are equal and cancel each other, so that only the
dissipative terms remain.

After evaluating the integrals for Lm,n,u,v(z) one finds that,
in the limit of large outer scale, the only nonzero elements are

Lq,q,q,q (z) = Lq,q,q,q(z) = Lq,q,q,q(z)

= Lq,q,q,q(z) = LT − Aqh(z) (49)

and

Lq,q,q,q(z) = Lq,q,q,q (z) = Bqh(z), (50)

where q = −q, the quantities Aq and Bq are positive
constants that only depend on q (A1 = 0.039 76, B1 =
0.000 767 5, A2 = 0.055 88, B2 = 0.000 121 3, A3 =
0.071 10, B3 = 0.000 044 44), and h(z) is the same function
for all the elements and contains all the dimension parameters,

h(z) = 1

zR

(
C2

nω
2/3
0

) (
λ

πω0

)−3 (
1 + z2

z2
R

)5/6

, (51)

where zR is the Rayleigh range (πω2
0/λ), ω0 is the radius of

the beam waist, and λ is the wavelength.
The elements in Eq. (49), which contain the diverging

LT from Eq. (39), are the diagonal elements of Lm,n,u,v(z)
when treated as a 4 × 4 matrix. One can therefore view LT

in Eq. (49) as being multiplied by an identity matrix. The LT

term in Eq. (29) also represents an identity matrix, but with the
opposite sign. This implies that the LT term in Eq. (29) exactly
cancels the LT elements in Eq. (49) for both Lm,n,u,v(z) terms
in Eq. (29), leaving the final expression without LT . As a result
the outer scale drops out of the final expression.

Assuming that the initial state of the density matrix is the
singlet Bell state in the OAM basis (|q〉|q〉 − |q〉|q〉)/√2, one
obtains the following solution of the truncated density matrix:

ρm,n,p,q = T

4

⎡
⎢⎢⎢⎣

1 − R2 0 0 0
0 1 + R2 −2R 0
0 −2R 1 + R2 0
0 0 0 1 − R2

⎤
⎥⎥⎥⎦ , (52)

where mp (nq) denote the row (column) indices, and where

T = exp

[
−2(Aq − Bq)

∫ z

0
h(z′) dz′

]
, (53)

R = exp

[
−2Bq

∫ z

0
h(z′) dz′

]
. (54)

The eigenvalues of the truncated density matrix in Eq. (52) are
T (1 + R)2/4, T (1 − R)2/4, T (1 − R2)/4, and T (1 − R2)/4,
which are all positive. The trace of the truncated density matrix
is given by T , which is a decaying function, since Aq > Bq .
The trace indicates how much of the information is lost due to
coupling to higher order modes that are not represented in the
density matrix.

The amount of entanglement for a bipartite qubit system is
quantified by the concurrence [14,15]. Normalizing the density
matrix by setting T = 1, one can show that the concurrence
for this case is given by

C = 1
2 (2R + R2 − 1). (55)

B. Fast decay limit

One can evaluate the integral of h(z) in Eq. (51), using

∫ t

0

(
1 + t2

0

)5/6
dt0 = 5i

7
6 2

1
6 (i

√
3 − 3)

12π
3
2

�

(
2

3

)2

× (1 + t2)
11
12 Q

−11/6
−11/6 (it)

− 15
√

32
1
3

64π
�

(
2

3

)3

= t + O(t3), (56)

where t = z/zR and Qm
n is an associated Legendre function

of the second kind [16]. For small t the result of the integral
in Eq. (56) is approximately equal to t . In Fig. 2 the result
in Eq. (56) is compared with the line given by t . One can
see that for t <∼ 1/3 the result of Eq. (56) could be fairly well
approximated by t . What this implies is that for propagation
distances much shorter than the Rayleigh range the integral of
h(z) can be approximated by

∫ z

0
h(z′) dz′ ≈ 0.5928

(
ω0

r0

)5/3

, (57)

where r0 = 0.185(λ2/C2
n/z)3/5, which is the Fried parameter.

Thus, all the dimension parameters are combined into ω0/r0.
If the entanglement completely decays over distances much
shorter than the Rayleigh range—a situation which we call
the fast decay limit—one can use Eq. (57) and thus express
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FIG. 2. (Color online) Comparison of the line given by t and the
integral of h(z).

the entire behavior simply as a function of ω0/r0. For larger
values of t the behavior becomes more complicated as shown
in Eq. (56). In that case the behavior does not only depend on
ω0/r0 but also on the equivalent of ω0/r0 with z replaced by
zR .

C. Comparison

Previous analyses of the decoherence of OAM entangle-
ment due to atmospheric scintillation [9–11] obtained results
that only depend on ω0/r0. So to compare our results with their
results we need to consider our results in the fast decay limit.
This is done by substituting Eq. (57) into R and T in Eqs. (53)
and (54), and then substitute R into Eq. (55). We plot the
resulting trace T and the resulting concurrence C as functions
of ω0/r0 for q = 1,2,3 in Figs. 3(a) and 3(b), respectively.

From the curves for the trace in Fig. 3(a) one can see that
modes with higher OAM are scattered more rapidly into other
modes than those with lower OAM. On the other hand, from
Fig. 3(b) we see that modes with higher OAM retain their

entanglement for longer distances than those with lower OAM.
These conclusions agree qualitatively with previous work [9];
however, the scattering into other modes occurs at a scale
where ω0/r0 � 1 and the entanglement lasts for at least two
orders of magnitude longer than was found in Ref. [9]. Here
the slowness of the decay in the concurrence is a result of
the smallness of the values of the Bq’s. (While the Aq’s come
from the autocorrelation functions of the OAM modes, the
Bq’s come from the cross-correlations of modes with different
azimuthal indices, which give much smaller overlaps with
the power spectral density.) From these results it appears that
the effect of scattering and the implied loss of photons in the
desired OAM modes may turn out to be a more significant
challenge for free-space quantum communication than the
decoherence of OAM entanglement. On the other hand, the
effects of the severe trunction may imply that these results
are but a poor reflection of what really would happen in this
scenario.

VIII. DISCUSSION

The loss of entanglement due to decoherence is a challenge
that confronts the development of quantum communication
systems. It is necessary to be able to predict the propagation
scale over which this decoherence takes place before a suc-
cessful free-space quantum communication can be designed.
Previous attempts to make such predictions [9] were based
on certain assumptions [5], the effects of which were perhaps
not completely clear. Intuitively, the assumption that one can
represent the atmosphere by a single phase screen sounds
reasonable, and so does the assumption that one can represent
the strength of the turbulence by the Fried parameter. However,
carefully considering the effect of turbulence, one realizes that
some physical effects of the scintillation process is lost as a
result of these assumptions.

Turbulence is a cascaded process. The random index
fluctuations cause a phase modulation of the traversing optical
beam. Directly after an initial random-phase modulation, the
amplitude of the optical beam is unaffected. However, during
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FIG. 3. (Color online) Plots of (a) the trace of the truncated density matrix and (b) the concurrence for a biphoton, initially in the singlet
Bell-state, in terms of two OAM states with l = ±q, for q = 1,2,3, as a function of ω0/r0.
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subsequent propagation the phase distortion is partially trans-
ferred into an amplitude distortion. This mixture of phase and
amplitude distortion receives further phase modulations as the
beam passes through the random medium. The random-phase
modulation and the propagation both play important roles in
the process that produces the scintillated beam. Without the
propagation part of the process the phase modulation will
never be converted into amplitude scintillation. Since OAM
modes have particular phase and amplitude characteristics,
both the phase and the amplitude are important to give the
correct scattering coefficients.

The formulation that is presented in this paper takes
into account both the random-phase modulation and the
propagation and therefore gives the required effect on the phase
and the amplitude of the modes.

The effect of having a single phase screen where the
turbulence is completely characterized by the Fried parameter
is shown by the fast decay limit, discussed in Sec. VII B. Only
in this limit can the effect of the turbulence be completely
described by the Fried parameter. Beyond this limit the scale
parameters in the problem starts to contribute in a way that
cannot be combined into the Fried parameter. In other words,
different combinations of these scale parameters can give
different predictions even when the Fried parameter remains
fixed. The implication is that, when one models the quantum
scintillation process by a single phase screen in terms of the
Fried parameter one tacitly assumes the fast decay limit and it
is debatable whether the fast decay limit is valid or even useful
for a free-space quantum communication system.

IX. SUMMARY

We use the transformation of the momentum space wave
functions of OAM modes after an infinitesimal propagation
through a turbulent atmosphere to derive an IPE for the
decoherence of OAM entangled biphoton states. The resulting
set of first-order differential equations is used to study the
evolution of a severely truncated density matrix where the
initial state of a biphoton is an entangled qubit in the OAM
basis. The results are compared with previous results in the
literature.

APPENDIX A: GENERATING FUNCTION
FOR OAM MODES

The Laguerre-Gaussian (LG) modes, which are solutions of
the paraxial wave equation, are given in terms of normalized
coordinates by

MLG
r,l (u,v,t) = N (u ± iv)|l|(1 + it)r

(1 − it)r+|l|+1
exp

(
u2 + v2

it − 1

)

×L|l|
r

(
2(u2 + v2)

1 + t2

)
, (A1)

where the normalized coordinates are given by u = x/ω0, v =
y/ω0, and t = z/zR = zλ/πω2

0 in terms of the initial radius
of the mode profile ω0 and the Rayleigh range zR; r is the
radial index (a non-negative integer); l is the azimuthal index

(a signed integer); the ± sign is given by the sign of l; N is a
normalization constant given by

N =
[

r!2|l|+1

π (r + |l|)!
]1/2

; (A2)

and L
|l|
r represents the associate Laguerre polynomials, which

can be obtained from the generating function,

g|l|(x,w) = 1

(1 − w)1+|l| exp

( −xw

1 − w

)
, (A3)

by computing its rth derivative,

L|l|
r (x) = 1

r!

drg|l|(x,w)

dwr

∣∣∣∣
w=0

. (A4)

The azimuthal index l of the LG modes represents the
amount of OAM that each photon in such an optical modes
carries. Therefore, the LG modes act as an OAM basis in
quantum optics. The LG mode functions are the position space
wave functions of the OAM states and their Fourier transforms
are the corresponding momentum space wave functions.

In the paraxial limit the LG modes are treated as two-
dimensional functions of the transverse coordinates u and v,
and these two-dimensional functions change as a function of
the normalized propagation distance t .

One can use a generating function for the OAM basis
functions (LG modes) to evaluate the integrals that contain
OAM momentum space wave functions. Such integrals only
have to be solved once and afterward the solutions for
particular OAM modes are generated using derivatives. Since
it is always easier to compute derivatives than to solve integrals
this represent a reduction in the computation effort that needs
to be performed.

The generating function for the LG modes in normalized
coordinates is given by

G =
∞∑

n,m=0

1

m!
Lm

n

(
2(u2 + v2)

1 + t2

) [
w(1 + it)

1 − it

]n

× [(u + iv)p + (u − iv)q]m

(1 − it)1+m

= 1


(t,w)
exp

[
(u + iv)p


(t,w)
+ (u − iv)q


(t,w)

− (1 + w)(u2 + v2)


(t,w)

]
, (A5)

where 
(t,w) = 1 − w − it − iwt . The parameters p, q, and
w are used to generate particular LG modes in the following
way,

MLG
r,l (u,v,t) =

⎧⎪⎨
⎪⎩
N

[
1
r!∂

r
w∂

|l|
p G

]
w,p,q=0 for l > 0,

N
[

1
r!∂

r
wG

]
w,p,q=0 for l = 0,

N
[

1
r!∂

r
w∂

|l|
q G

]
w,p,q=0 for l < 0,

(A6)

where r and l represent the radial and azimuthal indices,
respectively, and N is the normalization constant given in
Eq. (A2).

The integrals in Eqs. (30) and (33) contain the Fourier
transform of the LG modes. For this purpose we need the
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Fourier transform of the generating function, which is given
by

F{G} = π

1 + w
exp

[
iπ (a + ib)p

1 + w
+ iπ (a − ib)q

1 + w

− π2(a2 + b2)
(t,w)

1 + w

]
, (A7)

where a and b are normalized spatial frequency components
that are related to kx and ky through

kx = 2πa

ω0
, ky = 2πb

ω0
. (A8)

The Fourier transforms of particular LG modes are obtained
using the same procedure given in Eq. (A6).

APPENDIX B: ENSEMBLE AVERAGE OF Nn

As mentioned in Sec. III, the refractive index fluctuations
produced by a turbulent atmosphere are small compared to
the average refractive index of air, δn = n − 1 � 1, which
leads to the fact that one can separate the propagation through
a turbulent atmosphere into two parts: free-space propagation
and the random-phase modulation. The random-phase function
for the latter step is obtained by integrating the refractive
index fluctuations through a thin sheet of atmosphere along
the propagation direction,

θ (x,y) = k

∫ z0+δz/2

z0−δz/2
δn(x,y,z)dz

≈ k δz δn(x,y,z0), (B1)

where, in the last line we took the limit δz → 0. Replacing
the refractive index fluctuation with its Fourier expansion, we
obtain

θ (x,y,z0) = kδz

∫
exp[−i(kxx + kyy + kzz0)]Nn(k)

d3k

(2π )3
,

(B2)

where Nn(k) is the three-dimensional spatial spectrum of index
fluctuations. One can now define a two-dimensional spectrum
for the accumulated index fluctuations over a thin sheet of
atmosphere as follows,

Nn(K,z) =
∫

exp(−ikzz)Nn(k)
dkz

2π
, (B3)

where Nn(K,z) is the two-dimensional spectrum, which de-
pends of the z position of the thin sheet. The three-dimensional
spectrum of the refractive index fluctuations can be expressed
in terms of its three-dimensional power spectral density, which
follows from the correlation function of the index fluctuations
and which represents the model for the turbulence,

Nn(k) = χ̃n(k)

[
	0(k)

�3
k

]1/2

, (B4)

where χ̃ (k) is a normally distributed random complex spectral
function and �k is its spatial coherence length in frequency
domain. The latter is inversely proportional to the outer
scale of the turbulence. Since the refractive index fluctuation
δn is an asymmetric real-valued function, we have that
χ̃∗(k) = χ̃ (−k). Furthermore, the autocorrelation function of
the random function is given by

〈χ̃ (k1)χ̃∗(k2)〉 = (2π�k)3 δ3(k1 − k2). (B5)

In Eq. (20) we find ensemble averages inside double z

integrals. Substituting Eqs. (B3) and (B4) into these ensemble
averages, using Eq. (B5) to evaluate the ensemble average, one
obtains ∫ z

z0

∫ z1

z0

〈Nn(K1,z2)N∗
n (K2,z1)〉 dz2 dz1

= (2π )2δ(K1 − K2)
∫ ∫ z

z0

∫ z1

z0

	0(k1)

× exp [ikz(z1 − z2)] dz2 dz1
dkz

2π
. (B6)

Setting z = z0 + dz, we evaluate the two z integrals:∫ z0+dz

z0

∫ z1

z0

exp [ikz(z1 − z2)] dz2 dz1

= 1 − cos(kzdz)

k2
z

+ i
sin(kzdz) − kzdz

k2
z

. (B7)

The power spectral density 	0(k1) is always even in kz.
Therefore, the imaginary part of Eq. (B7), being odd in kz,
does not contribute to the final expression. So we have∫ z

z0

∫ z1

z0

〈Nn(K1,z2)N∗
n (K2,z1)〉 dz2 dz1

= (2π )2δ(K1 − K2)
∫

	0(k1)

[
1 − cos(kzdz)

k2
z

]
dkz

2π
.

(B8)

Due to the fact that the refractive index variations are
very small, the light that propagates through the turbulent
atmosphere remains unchanged over distances much longer
than the correlation distance of the turbulent medium. One can
therefore assume that dz is much larger than this correlation
distance. As a result the function inside the square brackets in
Eq. (B8) acts like a Dirac δ function, so that one can substitute
kz = 0 in 	0 and pull it out of the kz integral. The integral can
then be evaluated to give∫ z1

z0

∫ z

z0

〈Nn(K1,z2)N∗
n (K2,z)〉 dz2 dz

= 2π2dzδ(K1 − K2)	1(K1), (B9)

where we defined 	1(K1) = 	0(K1,0).

[1] A. Mair, A. Vaziri, G. Weihs, and A. Zeilinger, Nature (London)
412, 313 (2001).

[2] M. Bourennane, A. Karlsson, and G. Björk, Phys. Rev. A 64,
012306 (2001).

053822-10

http://dx.doi.org/10.1038/35085529
http://dx.doi.org/10.1038/35085529
http://dx.doi.org/10.1103/PhysRevA.64.012306
http://dx.doi.org/10.1103/PhysRevA.64.012306


INFINITESIMAL-PROPAGATION EQUATION FOR . . . PHYSICAL REVIEW A 83, 053822 (2011)

[3] G. Molina-Terriza, J. P. Torres, and L. Torner, Phys. Rev. Lett.
88, 013601 (2001).

[4] G. Gibson, J. Courtial, M. Padgett, M. Vasnetsov, V. Pas’ko,
S. Barnett, and S. Franke-Arnold, Opt. Express 12, 5448 (2004).

[5] C. Paterson, Phys. Rev. Lett. 94, 153901 (2005).
[6] G. Gbur and R. K. Tyson, J. Opt. Soc. Am. A 25, 225 (2008).
[7] W. Cheng, J. W. Haus, and Q. Zhan, Opt. Express 17, 17829

(2009).
[8] A. Dipankar, R. Marchiano, and P. Sagaut, Phys. Rev. E 80,

046609 (2009).
[9] B. J. Smith and M. G. Raymer, Phys. Rev. A 74, 062104 (2006).

[10] A. K. Jha, G. A. Tyler, and R. W. Boyd, Phys. Rev. A 81, 053832
(2010).

[11] C. Gopaul and R. Andrews, New J. Phys. 9, 94 (2007).
[12] L. C. Andrews and R. L. Phillips, Laser Beam Propagation

Through Random Media (SPIE, Washington, 1998).
[13] A. A. Semenov and W. Vogel, Phys. Rev. A 80, 021802

(2009).
[14] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022 (1997).
[15] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[16] M. Abramowitz and I. A. Stegun, Handbook of Mathematical

Functions (Dover, Toronto, 1972).

053822-11

http://dx.doi.org/10.1103/PhysRevLett.88.013601
http://dx.doi.org/10.1103/PhysRevLett.88.013601
http://dx.doi.org/10.1364/OPEX.12.005448
http://dx.doi.org/10.1103/PhysRevLett.94.153901
http://dx.doi.org/10.1364/JOSAA.25.000225
http://dx.doi.org/10.1364/OE.17.017829
http://dx.doi.org/10.1364/OE.17.017829
http://dx.doi.org/10.1103/PhysRevE.80.046609
http://dx.doi.org/10.1103/PhysRevE.80.046609
http://dx.doi.org/10.1103/PhysRevA.74.062104
http://dx.doi.org/10.1103/PhysRevA.81.053832
http://dx.doi.org/10.1103/PhysRevA.81.053832
http://dx.doi.org/10.1088/1367-2630/9/4/094
http://dx.doi.org/10.1103/PhysRevA.80.021802
http://dx.doi.org/10.1103/PhysRevA.80.021802
http://dx.doi.org/10.1103/PhysRevLett.78.5022
http://dx.doi.org/10.1103/PhysRevLett.80.2245

